-1- 



CK-TH-98-002/December 98 



00 



O 

(N 

oo 



X 



Theoretical and Phenomenological Aspects of Superstrin^ 

Theories 



o 

Q 

C — ' Christos Epameinonda Kokorelis 1 



School of Mathematical and Physical Sciences, Sussex University 
Brighton BN1 9QH, U. K 

D. Phil Thesis, 
December 1997 



1 E-mail: c.kokorelis@sussex.ac.uk 



-2- 



Abstract 

We discuss aspects of heterotic string effective field theories in orbifold constructions of the het- 
erotic string. We calculate the moduli dependence of threshold corrections to gauge couplings in 
(2, 2) symmetric orbifold compactifications . We perform the calculation of the threshold correc- 
tions for a particular class of abelian (2, 2) symmetric non-decomposable orbifold models, where 
the internal twist is realized as a generalized Coxeter automorphism. We define the limits for 
the existence of states causing singularities in the moduli space in the perturbative regime for a 
generic vacuum of the heterotic string. The 'proof provides evidence for the explanation of the 
stringy 'Higgs effect'. Furthermore, we calculate the moduli dependence of threshold corrections 
as target space invariant free energies for non-decomposable orbifolds, identifying the 'Haupt- 
modul' functions for the relevant congruence subgroups. The required solutions provide for the 
H mass term generation in the effective low energy theory and affect the induced supersymmetry 
breaking by gaugino condensation. In addition, we discuss one loop gauge and gravitational 
couplings in (0, 2) non-decomposable orbifold compactifications. In the second part of the thesis, 
the one loop correction to the Kahler metric for a generic N = 2 orbifold compactification of 
the heterotic string is calculated as solution of a partial differential equation. In this way, with 
the use of the one loop string amplitudes, the prepotential of the vector multiplets of the N = 2 
effective low-energy heterotic strings is calculated in decomposable toroidal compactifications of 
the heterotic string in six-dimensional N — 1 string vacua. This method provides the solution 
for the one loop correction to the prepotential of the vector multiplets for the heterotic string 
compactified on the K% x T 2 manifold. Moreover, using modular properties of the one loop 
prepotential, we calculate it for N=2 heterotic strings coming from N=l orbifold compactifi- 
cations of the heterotic string based on non-decomposable torus lattices. These sectors appear 
in N = 1 orbifold compactifications of the heterotic string on non-decomposable torus lattices. 
In the third part of the thesis we discuss supersymmetry breaking through gaugino condensates 
in the presence of the subgroups of the modular group SL(2, Z). We examine the way we can 
modify a known semirealistic model to incorporate S- and T- dualities in the superpotential 
of its effective action. We show how the discrete isometries of the effective theory restrict the 
Kahler potential and the superpotential of the effective theory together with implications for the 
globally supersymmetric case. Finally, we discuss the effect of our one-loop computation of the 
first part of the thesis on the \x term in orbifold compactifications. 
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1. Introduction 

String theory still remains, after a period of over ten years of development, the only candidate 
for a quantum theory of gravity, which we believe to finally describe consistently and accurate 
the particle world. A great obstacle, in the interpretation of properties of string theory, that 
could exhibit the novel futures of the formalism and allow us to extract the physical information, 
remains the mathematical structure and our ability to improve the calculability of perturbative 
and non-perturbative aspects of the theory. However, string theory is unique. It gives partial or 
complete answers to the biggest problems of particle physics. Namely, spacetime supersymmetry 
breaking, cosmological constant, strong and weak CP violation, flavour changing neutral currents, 
determination of the unbroken gauge group of the theory. In this Thesis, we will be discussing in 
detail some of the above problems, while we will mention the rest. 

In addition, in string theory there is another another problem, the determination of the 
underlying principle able to choose the correct vacuum, of the final theory, among the huge 
degeneracy of string vacua §, || [U], [U], f$(J. Determination of the correct vacuum will give 



the realistic three generation model which may be extension of the standard model and may 
include the new physics beyond the electroweak scale. This problem is largely unanswered, 
as string vacua provide us with a huge number of possible semirealistic models, which all but 
failed to satisfy all the phenomelogical requirements. In the most popular scenaria of recent 



years|92], |94|, p09| , |311|| the minimal supersymmetric standard model(MSSM) was used a priori 
as an effective low energy theory of string vacua. Its presence gives quantative results for string 
vacua since it has not been proved to be coming from a particular string vacuum. We should 
note that in all the model constructions up to now, where the gauge group contains part of 
the standard model gauge group, the particle content of string models is not in any case of the 
MSSM. When it does appear it is corrected by additional particles. 

The problem of proliferation of the string vacuum is left untouched from string perturbation 
theory. In particular, supersymmetric models coming from superstring vacua appear in great 
numbers and there is no undelying principle to distinguish between different categories apart 
from phenomenological criteria |)2|, [94j]. 

The simplest string model, the classical bosonic string represents a generalization of the 
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one-dimensional point particle action[| S = — m J ds, to an n dimensional object, which sweeps 
an (n + 1) worldvolume as it moves into space, described by the metric h a p{a) and the action 
S = -(T/2) $ <P +1 ay/hh a P{o)g ia ,d a Xi 1 dpX v . Here, h a ? is the inverse of h a/3 and a°(r) = r and 
a l ,i = 1, ... ,n is an n-dimensional object^ , while T is the string tension with coefficient of 
(mass) n+1 . Especially, for strings the tension T is given in terms of the Regge slope T oc A- In 
this Thesis, we will discuss properties of oriented closed strings(OCS). For oriented closed string 
the physical spectrum is invariant under the level matching^ constraint 3.31 . For non-orientable 



clodes strings physical states must also be invariant under the operator J 7 , which exchanges e.g, 
for the bosonic string, the a and at oscillators of the left and right moving number operators 
N = E£i na^at*, N = ££i naff a*, respectively. 

In the early days of its development string theory was used as a theory of hadrons. The 
important step in realizing string theory as a theory of fundamental interactions was taken in 
0, |2[ where it was shown that the effective action of a massless spin two state is in the zero 
slope limit given by the Eistein-Hilbert lagrangian. However, it was not until 1984 when Green 
and Schwarz ||193|| proved that the type I theories^ are free of anomalies which made the physics 



community realized the importance of superstring theories. They proved that, by adding non- 
gauge invariant local counterterms for the two form B in the effective low energy theory^ as 

SB — tr(AdA) — tr(ud6), (1.1) 

where A, 9 are infinitesimal gauge and Lorentz trasformations of the ten dimensional background 
gauge field and spin connection A and u respectively, the theory remains free of gauge, gravita- 
tional and mixed gauge and gravitational anomalies when the Yang-Mills gauge group is SO (32) 
or Eg x Eg. While type I theories with group SO (32) where known at the time, the theory corre- 
sponding to E 8 x E 8 was not known. It was soon after the heterotic string was build, where gauge 
symmetries coming from the group Eg x Eg were observed, even not chiral, that a Kaluza-Klein 
origin of gauge symmetries as isometries of the internal manifold was suggested ||82j|. However, 



1 where the invariant integral is given by ds 2 = —g l i U (x)dx >I 'dx u . 

2 For n = we have the point particle, for n = 1 we have the string, while for n = 2 we have the membrane 
and so on .... 

3 See the footnote following 3.31 



4 Unoriented open and closed strings with N = 1 supersymmetry. 

5 The ten dimensional N = 1 supergravity coupled to matter has anomalies coming from hegagon diagrams. 



-9- 



compactification of the heterotic string on toroidal backgrounds produces unwanted non-chiral 
models with extended N = 4 supersymmetry. Soon after ||144| , by examining the low energy la- 
grangian of N = 1 supergravity, the low energy limit of the heterotic string when the Regge slope 
a' — >0, supersymmetric solutions in four dimensions were found. They correspond to classical 
solutions of the string equations^ where the internal manifold is a smooth manifold, the so called 
Calabi-Yau manifold. The phenomenologically interesting N = 1 supersymmetry comes by de- 
mandingT] that the manifold has SU(3) holonomy0. The theory is subject to gauge symmetry 
breaking by twisting the boundary conditions in a way that does not preserve charges correspond- 
ing to the broken symmetries of the world sheet. The problem of determination of the gauge 
group of the theory, consistently attached to the grand unified theories [|l7]] and their supergravity 
successors |[256| , |257|| in string models is solved. However, it remains the problem of determing the 
derivation of the standard model from it. A number of different methods of producing consistent 
compactifications of the heterotic string has been constructed pO], [83|, |K| [11], |208| , [211| , |3i~] , ||, || 



which all but one will not be reviewed in this Thesis. The research carried out in this Thesis, will 
be based in the theory of orbifolds[5D|. In this Thesis, we will discuss the results of our research 
of phenomenological and theoretical aspects of the orbifold constructions of the heterotic string. 



In chapter two, we discuss elements of the basic theory which is extensively well known[80 



Orbifolds are constructed, by twisting boundary conditions to break Lorentz symmetries, 
so that spacetime coordinates of the x^(a) are not periodic functions of a but periodic up to 
Lorentz transformations. Mathematically, this means that compactifying the heterotic string 
on a six dimensional torus T and dividing by a non freely acting symmetry group G. There 
are sectors in the theory, called twisted sectors, where the coordinates of the string obey not 
X\a + 2tt) = X\a) but X\a + 2tt) = gX\a) for g e G. 

Superstring theory offers a large number of theoretical arguments which single out its unique- 
ness. It combines quantum field theory with general relativity. It possesses a minimal number of 
parameters, namely the string scaleQ, and in addition a number of fields called moduli, whose vac- 
uum expectation values enter the calculation of the basic functions which determine the fermion 



6 They examined the field theory limit of the heterotic string compactified on the space M 4 x K, where K a 
compact manifold. 



7 see chapter three 

8 at one loop level the string scale is corrected by moduli dependent effects 
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and boson terms of the low energy energy N = 1 lagrangian. The low energy limit of orb- 



ifold models [50] is that of AT = 1 supergravity coupled to super Yang-Mills modified by moduli 
dependent effects characterizing the orbifold vacuum |144| |301| , [236| , |137 |. 



In this way, the running gauge couplings ||58|| exhibit a specific moduli dependence character- 
ized from invariances of the moduli variables. In chapter three, we discuss the calculation of 
threshold corrections for a particular class of non-decomposable orbifold models. We discuss as 
well, some aspect of the gauge couplings of the theory related, as the string analog of Seiberg- 
Witten theory ||142|| , to special points of gauge symmetry enhancement. It has to do with the 
appearance of gauge symmetry enhancement at special points in the moduli space and its contri- 
bution to the gauge coupling constants for different regions in the moduli space. In general, when 
in a region of moduli space there is a point where a previously massive states become massless, 
then the effective gauge couplings exhibit a behavior like in eqn. (|3.21|) . 

In addition, in chapter three we discuss the calculation of target space free energies |132|, |120j , 



67] as moduli dependent threshold corrections, coming from integration of massive compactifica- 
tion modes. The calculation uses the free energy, the effective action coming from the integration 
of the massive compactification modes. We use this result to calculate the physical effects of the 
integration of the massive compactification modes to the calculation of the threshold corrections 
for the gauge and gravitational coupling constants in orbifold models. This method is alternative 
to the calculation of the effective action coming from a direct string loop calculation, and it must 
give the same result if the associated sums are performed exactly. Unfortunately at the moment, 
complete regularization of the sums is not possible. 

The general method of determining the exact string effective action of the massless modes 
comes from the calculation of string diagrams which have been performed e.g for the heterotic 
string^, ^1]] or for orbifolds ||30 1| , [71] , |56| , |236|| . The low energy theory oi N — 1 orbifolds is 
fixed in terms of the Kahler potential K, the superpotential W and the function f which de- 
termines the kinetic terms for the gauge fields. In N = 1 locally supersymmetric theories the 
superpotential W calculates the Yukawa couplings of the chiral matter superfields to the Higgs 
scalars. The superpotential of the effective theory of (2, 2) AT = 1 orbifolds depends on the 
moduli fields which have a flat potential to all orders of string perturbation theory. As a result 
their values remain undetermined and the superpotential is not renormalized to all orders of 
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string perturbation theory due to non-renormalization theorems [14] but is corrected from world 
sheet instantonsJTB], |301| ]. As a result moduli dependent contributions to the superpotential may 
be come from non-perturbative effects, infinite genus effects. While non-perturbative techniques 
are not yet available, it is possible to calculate non-perturbative contributions to the super- 
potential of the effective supersting action below the string unification scale. By integrating 
out the massive modes coming from compactification modes [|132| , |67j , and taking into account 
the singularities in the moduli space of vacua, we will obtain non-perturbative contributions to 
the superpotential of (2, 2) N = 1 orbifold compactifications of the heterotic string in chapter 
three. These contributions are coming at the level of the effective superstring theory from locally 
super symmetric F-terms involving more than two spacetime derivatives |236| . 

Toroidal compactifications of the heterotic string have in four dimensions N = 4 super- 
symmetry and contain among other fields, the dilaton $, the antisymmetric tensor B^ v which 
transforms after a duality trasformation to the axion a and moduli scalars described by a matrix 
M a b, which parametrize the coset SO(6, 22)/SO(6) x SO{22). The spectrum and interactions 
of the perturbative phase of the effective theory are invariant under the "duality" symmetry 
R <-> a'/R, which survives in all orders in string perturbation theory [f43[|. 

In orbifold models the physical quantities, coming from the compactifications of the heterotic 
string, depend on the moduli parameters. For any orbifold constructions of the heterotic string 
associated with toroidal compactifications, the specturm in four dimensions contains, among 
other fields, the U modulus is associated with the complex structure of the torus and complex 
modulus field T given by T = R 2 /a' + iB, where the vacuum expectation value of the T modulus 
is associated with the size R of the compactification and the antisymmetric background field B. 

The low energy world observed at energies of the electroweak scale is in perfect agreement 
with the standard model predictions. The standard model does not have any supersymmetry. 
However, in the following, we insist on supersymmetric models as supersymmetry solves tech- 
nically the hierarchy problem\ \L34\\ . Take for example the standard model. Its lightest scale, 
corresponding to the spontaneusly breaking of the SU(2) x U(l) into U(l) em giving mass to the 
W and Z° gauge boson carriers of the weak force and to quarks and leptons, is about 100 GeV. 
In the case that the standard model is embedded in a grand unified theory (GUT) with a bigger 
gauge group, there is another scale in the theory the grand unified scale which can be of order 
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of 10 16 GeV ||17|| . If the standard model is coming from a superstring vacuum then the additional 
scale is the superstring scale which can be two orders of magnitude higher than GUT scale. The 
question then arises of hierarchy of scales, why the electroweak scale is so small compared with 
the other scales. In addition, non-supersymmetric theories involving Higgs scalars, like the stan- 
dard model, receive quadratic quantum corrections to the Higgs sectors of their theory which 
can drive the low energy scale as high as e.g the GUT scale ||134j| . In this form, renormalized 
low energy scale M r receives quadratic quantum corrections in the form Mj = Co%Mq UT + M 2 , 
where C a number of order 10 0±1 , a r a coupling constant and Mqut the high energy scale of 
the theory. The quadratic quantum corrections for a typical GUT scale are of order 10 30 GeV, 
something which is unphysical. It requires in order to keep the corrections to M r under control 
large fine tuning of parameters C, a. Sypersymmetry gives a solution to the problem of quadratic 
divergencies, since supersymmetric models are free of quadratic divergencies and the contribu- 
tions to M r are M 2 = M 2 (l + Ca 2 r In ^gF). However, in rigid supersymmetric lagrangians we 
can add the so called soft terms which break supersymmetry without introducing new quadratic 
divergencies. These terms arise naturally, to the models coming from locally supersymmetric 
lagrangians as it is the heterotic string or the type II superstring in their field theory limits. 

Moreover, in the simplest effective rigid theory, the minimal supersymmetric standard model, 
the Higgs potential of the theory has a /i term which mixes the two Higgs doublets. This term 
when the low energy theory comes from a (2, 2) orbifold compactifications of the heterotic string 
receives |236|| contributions, beyond the expected ones coming from the general presence of mixing 
terms between the 27 and 27's in the Kahler potential of the theory. They are coming from the so 
called higher weight interactions p36| and represent higher derivative couplings of auxiliary fields 
and scalars. The phenomenologically interesting case of candidate non-perturbative superpoten- 
tials which contribute to the value of \x term and to soft terms in (2, 2) orbifold compactifications 
is exhibited appropriately in chapter five, by taking into account contributions coming from 
the calculation of the threshold corrections as target space free energies of chapter three. The 
proposed solutions are solutions to the /i problem along the lines of [|236| , |120|| and can easily 



form alternative scenaria for solutions of the \i problem along the lines of [ [32 1|] . The proposed 
superpotentials may come from gaugino condensation ||321' | and respect transformation properties 
originating from the invariance of the one-loop superstring effective action in the linear represen- 
tation of the dilaton. The proposed candidate superpotentials provide us with the necessary fi 
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terms which solve the strong CP problem and are required from the low-energy superpotential of 
the theory to give masses to d-type quarks and e-type leptons and to avoid the massless axion. 

We know that phenomenologically interesting models must have N = 1 or iV = supersym- 
metry0. However, we will only be interested to models coming from (2, 2) symmetric orbifolds 
with N — 1 space-time supersymmetry, since non-supersymmetric models suffer from stability 
problems ||260| | related to tunneling of the cosmological constant to negative values. The cosmo- 
logical constant A amounts to the introduction of a general constant A into the effective action 
in D-dimensions in the form — -r^— J d D Sy/—gA, where g is the determinant of the metric and 
k grav the gravitational coupling constant in D dimensions. Here, k 2 grav = 8nG, where G is the 
Newton's constant in D dimensions. The one loop contribution to the cosmological constant A in 
string theory is given by A = \k 2 rav J2i(~ 1) F J2% I d D plog(p 2 + Mf), where F is the fermion num- 
ber operator and the sum is over all particles. Because the value of A from dimensional reasons 
has upper limit of order Mp lank m 10 76 GeV, while the astronomical upper limit is 10~ 47 GeV 4 , 
there is a huge descrepancy of order of magnitude 10 123 between the theoretical and cosmological 
considerations. This creates the cosmological constant problem [pf|. In supersymmetric vacua 
we expect A to vanish. Because in supersymmetric vacua we have equal number of fermions 
and bosons at each mass level this contribution vanishes. However, because at low energies we 
should recover the standard model which is not supersymmetric, supersymmetry must be broken 
in these models, and the cosmological constant is different from zero. The breaking of spacetime 
supersymmetry due to the presence of the gravitino in the effective low energy theory of (2, 2) 
N = 1 symmetric orbifolds must be spontaneous. In general, we expect the cosmological con- 
stant to be different from zero after supersymmetry breaking. In models coming from heterotic 
strings the cosmological constant may be different form zero when supersymmetry is broken 
spontaneouslyPSUf or even when the model is non-supersymmetric |T3"|, |260|| . If the cosmological 



constant A for a particular string vacuum is different from zero this means that, there is a non- 
vanishing dilaton one point function, the background is not a solution to the string equations 
of motion. Recently, a different mechanism was proposed to set the cosmological constant to 
40| . By starting with the three dimensional local theory in three dimensions which has zero 



zero 



cosmological constant H0[, we can claim that the four dimensional theory maintains the same 



property. It was proved that it happens in three dimensions [41] and it was claimed in [40] that 



3 Tachyon free non-supersymmetric models have been constructed from the heterotic string in [U 
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by sending the coupling constant of the three dimensional theory to oo, we get a four dimensional 
theory with zero cosmo logical constant. 

In chapter five, we will discuss supersymmetry breaking. Supersymmetry breaking, with or 
without vanishing cosmological constant, is one of the main unsolved problems of string theory 
but contrary to grand unified theories or supergravity theories, string theory can suggest that its 
origin may come from stringy non-perturbative effects. In conventional field theoretical approach 
to supersymmetry breaking, supersymmetry breaking appears as a field theoretical phemonenon, 
coming from gaugino condensation al '5 , |274| , [283| , |298|| in a pure Yang-Mills sector of the theory. 
In this case, the nonperturbative superpotential W appears as W = (1/4)Z7(/ + 2/3/9 log U), 
where U is the gaugino bilinear superfield and (3 is the /3-function of the theory. In general, 
gaugino condensation can occur in the pure Yang-Mills theory. The theory is asymptotically 
free, and the gauge coupling becomes strong at some scale which is the gaugino condensation 
scale. Take, for example, the auxiliary fields of N = 1 supergravity 

F % = e-^iG-^Gj + i/^G- 1 )^', (1.2) 



where G is the function of eqn.( |5.5| ) and A is the gaugino field. When gauginos condense, then 
< AA >^ and the auxiliary field gets a non-vanishing expectation value, and thus breaks 
supersymmetry. The scale of supersymmetry breakdown is then M| oc< A A > /M 2 , where M is 
the Planck mass M = l/k grav . 

Toroidal compactifications of the heterotic string have in four dimensions N = 4 supersymme- 
try and contain among other fields, the dilaton $, the antisymmetric tensor B^ v which transforms 
after a duality trasformation to the axion a and moduli scalars described by a matrix M a h, which 
parametrize the coset 50(6, 22) /SO (6) x 50(22). 

The spectrum and interactions of the perturbative phase of the effective theory are invariant 
under the "duality" symmetry R a'/R, which survives in all orders in string perturbation 



theoryp3|. In N — 1 orbifolds|80[, the perturbative duality symmetry is known under the name 
T-duality, and the spectrum and interactions are parametrized in terms of the T moduli, men- 
tioned earlier, of the unrotated N = 2 complex planes. The spectrum and the interactions 
of the theory are invariant under the symmetry R <-> a'/R and the form of the effective ac- 
tion is strongly constrained by the T-duality symmetry [ f258|| . If we freeze all moduli except the 
T-modulus then under the general PSL(2, Z)t trasformations (|5.6|) , we get e.g that the super- 
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potential has to transform with modular weight -1. We describe the constraints imposed by the 
physical symmetries of string theory, on the basic quantities of the low energy effective N = 1 



supergravity theory extending earlier results [258 



Let us combine the axion and the dilaton into a complex scalar A = a + iexp(—(j)) with the 
expectation value < A >= 6 /2f[ + i/g 2 = \ 1 + i\ 2 , where 6 is the vacuum angle and g the coupling 
constant. Then the action coming from compactification of the ten dimensional heterotic string 
on a 6-dimensional torus can be written in the form 

1 



S 



1 

32^ 



d x\/—g{R 



2(A 



G^d^XdyX - A 2 i% • LML ■ + AiFj„ • L ■ F» v 



T 
jiv 



1 



+ -G^Tr(d^MLdML)}, 

8 



;i.3) 



where M a 28 x 28 matrix satisfying 12 



M 1 



M, M T LM = L, with L 



( 

h 



h 




0- 



16 



In addition, a = 1, 28 is a set of 28 abelian vector fields and a 28 dimensional vector 
F^ v the dual of F^ v . The action (|1.4j) is invariant under the group 0(22,6). The moduli fields 
obeying ( |1.4|) parametrize the Narain lattice 0(22, 6)/0(22) x 0(6). The equations of motion 
derived from the previous action are invariant under 



A 



A + l, F^ v — > M, G^y 



G^, and 



X^X' 



-I F 

A' " u 



F' 



-X 2 MLF, U - XiFu V , M 



M, 



G, 



(1.5) 
(1.6) 



The transformations involving Ai generates^ the SL(2, Z). So the equations of motion, and not 
the action, coming from the complex dilaton field are invariant under the SL(2, Z)$ transforma- 
tions 

X^ a \~ lh . (1.7) 



icX + d 



10 In reality the action (L3) the equations of motion are invariant under shifts in the vacuum parameter which 
give as A — > A + c, where c a real number, but it is believed that it is broken[^6| to SL(2, Z) by world sheet 
instantons. 
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It was claimed [|251|1 that the SL(2, Z) S-duality invariance group of the equations of motion 
in ( 177 ) has to be promoted^ to an exact symmetry group of string theory and be active in 
the N — 1 superstring vacua coming from compactifications of the heterotic string. We should 
note, that SL(2,Z)s is largely conjectural, as this group appears only as an invariance of the 
equations of motion of toroidal compactification of the heterotic string and not as an invariance of 
the action [|252| . Since this symmetry inverts the coupling constant is non-perturbative in nature. 
Moreover, since S-duality represents strong weak coupling duality, it can be used to constrain 
the form of the effective action coming from non-perturbative effects. S-duality in string theory 
is associated with supporting evidence in N = 1 non-abelian supersymmetric Yang-Mills[[^| 



(SYM)or N = A non-abelian SYM IP3I . We should say here, that at the limit a' -> 0, the N = 4 
SYM appears as the low energy limit of the toroidaly compactified heterotic string. 

In chapter five we use S-duality, to allow for S-dual superpotentials which use a single com- 
posite bilinear gaugino condensate chiral superfield. They are used to break supersymmetry 
in order to allow the dynamical determination of the dilaton vacuum expectation value, which 
represents the string tree level coupling constant^. This extends an earlier result |[265| , |266|| , 
related to S-duality invariant gaugino condensates in the effective Lagrangian approach. The 
effective low-energy N — 1 supergravity theory associated with the proposed generalized S-T 
dual superpotentials exhibit the same target space duality modular symmetry groups as the 
one's appearing in the non-decomposable (2, 2) symmetric orbifold models. The appropriate use 
of the the bilinear condensates in an action invariant under the same S-duality as target space 
duality group, tacitly conjectures the existence of T°(n) or r o (n) S-duality invariance of the 



low-energy effective action. In the spirit of [|285|| , we accept that this class of theories in its final 
form, including non-perturbative contributions, must respect T°(n) or T°(n) respectively, as an 
exact symmetry of string theory at the quantum level. Nevertheless, such a limit will exist, and 
unless someone proves that SL(2, Z) is singled out as an exact symmetry of string theory such 
a conjecture may be expected to hold. 

The ten dimensional heterotic, fundamental, string admits five brane solutions which corre- 
11 In exact analogy as electric-magnetic duality in the N = 4 super- Yang Mills the spectrum and interactions 



of the elementary string states are identical to those of the monopole sector of the theory, claimed to occur [250] 

with the spectrum and interactions of N = 4 super- Yang Mills ]27|]. 

12 In perturbative string theory, the vacuum expectation value of the dilaton is the true expansion parameter p3 

around a specific vacuum. 
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spond to a dual formulation [2£| of the heterotic string. After compactification to six dimensions 
the dual heterotic string has a dual dilaton S, which obeys the string equations of motion with 
the opposite sign and is related to S of the fundamental string, as S = — S. Especially, for com- 
pactifications to four dimensions the roles of SL(2, Z)t and SL(2, Z)g dualities are interchanged 
T <-> S and the SL(2,Z)s invariance group appears as a subroup of the target space duality 
group of the dual string. In addition, the SL(2, Z)$ group which for the fundamental theory was 
the invariance group of the equations of motion, now becomes the target space duality group 
SL(2, Z) T . This is equivalent to the fact that SL(2, Z) T target space duality for the dual string 
is equivalent to SL(2,Z)s duality for the fundamental string. We should note that we must 
expect the S-duality of iV = 4 heterotic string constructions to hold, i.e in heterotic strings [167] 
compactified on a four torus and its dual IIA on K3, since a one loop partition function test of 
N = A super Yang-Mills(SYM) has been performed ||165|| . 

It appears that S-duality holds in a twisted N = 4 SYM in the following ||162|| sense : the 
modular transformations exchange the partition function for the gauge groups SU(2) with SO (3) 
and the partition function Z(S) of the theory transforms with modular weight k, Z(—l/S) = 
(^) W Z(S), where w oc x the Euler characteristic. S-duality holds only when we introduce the 
modified partition function Z{S) = e~ wlogr, Z(S). 

We refer to this version of SYM because it provides evidence for the appearance of the groups 
r o (n) in SYM and indirectly to a possible string theory limit. For example for N = 4 SYM with 
SU(2) gauge group the modular symmetry group r o (2) appears [162|| . The cusp at r = +00 
corresponds to the SU(2) instanton expansion while the cusp at r = to its dual theory 5*0(3). 

Phenomena related to duality invariance do appear at the string theory level in different 
heterotic compactifications and in different spacetime dimensions than four or ten. These phe- 
monena involve equivalences between different string theories^ , under which different regions 
of the moduli space of the two theories are matched to each other for particular limits of their 
coupling constants. Such phenomena are widely known as dualities [|168|| and for a particular 
version of dual of theories are the subject of chapter four. 

However, it may be that the complete solution of all the problems, mentioned up to now, may 
come from determing the way that we break spacetime supersymmetry. However, this involves 
13 Unfortunately, all string theories have N = 4 supersymmetry 
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determination of the complete effective action of the string theory vacuum. Recently, there is 
accumulating evidence that type I, type II and Heterotic string theories may be complementary 
descriptions of a more fundamental theory originating from higher dimensions, which in dimen- 
sions greater than ten is coming from M |[168 of F-theory ||151|| . In chapter four, we examine this 
duality phenomena. We discuss perturbative aspects of string theory, based on orbifold[|8(]] and 
manifold [|148|1 compactifications of the heterotic string. In particular, we reexamine a recently 
proposed equivalence of moduli spaces between the N = 2 heterotic string compactified on the 
K 3 x T 2 , we will call it A theory, and the N = 2 type II superstring compactified on a Calabi-Yau 
three fold [|148|| , which we will call it B theory. It has been conjectured ||148|| that moduli spaces 
of A, B theories coincide when all corrections including perturbative and non-perturbative one's 
are taken into account. In this way, N = 2 physical quantities like, expressed in N = 1 language, 
Yukawa couplings, gauge couplings which are impossible to be calculated in the weakly coupled 
phase of the heterotic string are mapped to superstring vacua of type II, where their expressions 
are well known f57|, [L85|, pi, $Ff\ . 

The effective low energy theory of the N = 2 heterotic compactifications is described by the 
language of special geometry ||227| , |230|| . For the part of the moduli space described by vector 
superfields the effective theory is determined completely by the knowledge of one particular 
function, the prepotential. The prepotential JF of N = 2 compactifications of the heterotic string 
receives perturbative corrections up to one loop [|172|1 . The third derivative of T with respect of 
the T moduli appearing in two dimensional torus compactifications, which in N = 1 language 



represents Yukawa couplings, was calculated with the use of modular symmetries in | 172 | while 
directly via the one loop corrections of the Kahler metric in | 173|| . The calculation on both cases 
was based on non-decomposable orbifolds. The same result was shown [|130|1 to be coming from 
the indirect, ansatz, calculation of T when the heterotic string is compactified on the K 3 x T 2 . 
In chapter four, we find through a string one loop calculation the general differential equation 
obeyed by T and which is valid for any compactification of the heterotic string on K3 x T 2 . 
In addition, we derive the differential equation for the Yakawa couplings with respect of the U 
moduli, corresponding to the complex structure of the T 2 . 

Our final hope is that when all perturbative and non-perturbative corrections will be taken 
into account that the vacuum potential will be such that, it does not only calculate the values of 
the moduli fields but it fixes simultaneously the value's of the matter fields allowed in the theory 
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and break the gauge group into that of the standard model. 
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2. Compactification On Orbifolds 

In this chapter of the Thesis, we will mainly review the orbifold compactifications of the 
heterotic string|80[. It is illustrative to consider before we describe the orbifold construction, 
the compactification on a D dimensional torus T D . The purpose of doing so is not meaningless 
since the orbifolds that we are interested in the bulk of this work, are coming from the toroidal 
compactification of the heterotic string modded out by the appropriate action of a point group. 
Our presentation is organized as follows: In section 2.1 we will discuss toroidal compactifications 
of the closed bosonic string[|J. In section 2.2 we will discuss toroidal compactifications of the 
heterotic string[jl9[ together with orbifold constructions [^0[ of the heterotic string. In section 2.3 



we describe the redundancy under global parametrizatiions in the moduli space of string vacua, 
in particular the duality invariance in toroidal and orbifold compactifications. 



2.1 Toroidal Compactifications 

We are considering bosonic strings, living in twenty six dimensions, propagating in a toroidal 
background. If we compactify D bosonic coordinates on a D dimensional torus we end up with 
a 26-D dimensional flat space. The D-dimensional torus T D is parametrized so that points on 
its R D space are identified^ as 

D 

X 1 = X 1 + V2n riiRiel, i = 1, . . . , D, m E Z. (2.1) 

i=i 

Here, e\ are D basis vectors with the property e 2 = 2. In addition, the quantities L 1 = 
(l/2) l l 2 niRie{ can be considered as lattice vectors on a D-dimensional lattice A D with basis 
vectors (l/2) 1//2 i? i ef . For compactifications on a circle S 1 , ( J2.1|) can simplified as X 1 = X 1 + 
2ttRL, that we identify points which differ by an integer L times 2ttR, where R the circle radius. 

The torus is identified as T D = R D /2nA D . The momentum vectors are defined as p 1 = y/^^-e* 1 , 
where ef are the dual vectors on the lattice with the properties eje* 1 = Sij, e{e* J = 5 IJ and 
e* 2 = 1/2. The basis vectors on the dual lattice A* are defined as -j^e*. For closed bosonic 

14 In the following we follow the convention that repeated indices are summed, e.g ef e* 1 = J2iLi e \ e *j 1 ■ Compact 
coordinates will be denoted with capital superscript letters. 
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strings the compact dimensions, on the torus, satisfy 

x I (a + 27r,r) = x z {a,r) + 2vrZ/. (2.2) 
Splitting Q2.2| ) into left and right moving coordinates^ respectively) as 
X{ = -x 1 + (/ + h 1 )^ + a)+ij: a{-e- m ^\ 

Xr = y + (P 1 ~ \L'){r -c7)+iJ2 a{\e-^-\ (2.3) 

we obtain for the mass formula, of the left and right movers in the uncompactified coordinates 

< = \^ + \ L ') 2 +N L -l = ±pl + N L -l, and 

m 2 R = ^P 1 - \l t T + N r -1 = \p\ + N R - 1, (2.4) 

where Nl, N r the number of the left and right moving oscillators. The total mass operator in 
the uncompactified 26 — D dimensions is defined as 

d 1 

m 2 = M 2 L + M\ = N R + N L - 2 + £>V + -L 1 L 1 ) 

i=i 4 

D 1 

= N L + N R - 2 + Yl ( m i9*j m j + -jniQijUj), (2.5) 
i,i=i 4 

where gr - and = g^ 1 

9H = ljl M^l 9*u = 2 E ^ef (2.6) 



are the metrics on the lattices A D and A* 15 . Defining the signature of the metric on the lattice in 
the form ((+1) D , (— 1) D ), meaning P ■ P' — ~ Pr(p')r)i the vectors P = (pl,Pr) build 

an even, P ■ P' G 2Z, self-dual lattice r^ ^. In addition, the theory satisfy the reparametrization 
mvanance constraint^ N R -N L = i rriirii. Lets us now consider the spectrum in some detail. 
Set the momentum and the winding numbers equal to zero. Then the tachyon comes from 
N R = Nl = 0, m? = —2, which we identify as |0 >. The graviton, dilaton, antisymmetric tensor 

15 , where pi and L 1 the momentum and the winding numbers respectively, 
16 see the comment in chapter three, after relation (3.31). 
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and the dilaton come from states at the next, massless, level, a^ 1 a^ 1 10 >. Let us we decompose 
a^ia^i into irreducible representations of the transverse rot at ionQ group SO(24 — D) in the light 
cone gauge, as 

+{^ I ^y^« P -i« P -i}|0>. (2.7) 

The brackets in the first term denote symmetrization of indices, while the parenthesis in the 
second term donote antisymmetrization of indices. Each of the three terms corresponds to 
a different kinds of particles, namely the first term to the graviton, the second term to the 
antisymmetric tensor and the last one to the dilaton. 

In addition, we have 2D vectors in the form \A\ >= a^ai-jO > and \A 2 >= a^a/jO > 
associated with the gauge bosons of the U(1)l x U(1)r gauge symmetry of the torus. Moreover, 
there are D 2 massless scalars <p IJ = a_iacLi\Q >, which correspond to the moduli of the toroidal 
compactification. The number of D 2 parameters can be interpreted as corresponding to the 
presence of the following background fields, whose vacuum expectation values on the torus are 
given by y(-D + 1) and ~(D — 1) remaining parameters, coresponding to the metric gjj and the 
antisymmetric tensor Bjj respectively. The action corresponding to the toroidal compactification 
via the background field interpretation is 

J dMVgV^X'd^gu + eTd^dvX'Bu), (2.8) 

where e the antisymmetric invariant in two dimensions. Because of the interpretation of the 



moduli parameters associated with Bjj, the mass operator of eqn.( |2.5| ) now must reanalysed 
such that |[2 it receives contributions from the non zero Bu in the form, p 2 L R oc \B IJ Lj. 



The Lorentzian even self dual lattices build from different values of the D 2 parameters are 
obtained from each other under SO(D,D) rotations of some reference lattice, which for conve- 
nience can correspond to the lattice with Bjj = and gu = 5jj. The exact moduli space of 
torus compactification is build, in its exact form, after we consider the invariance of the spec- 
trum under the rotations SO(D) L , SO(D) R of the vectors pi, Pr. All even self dual lattices 

17 Lorentz invariance requires that physical states are physical states are arranged into representations of the 
little group of the Lorentz group SO(d — 1, 1). This is SO(d — 2) for massless particles. 
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in the form discussed in this section are invariant under SO(D, D; R) rotations. However, the 
Hamiltonian of the toroidal compactifications \{p\ +V 2 r) ls invariant under SO(D)l x SO(D)ji. 
This means that the scalar fields parametrizing the moduli space take values on the coset space 
SO(D, D; R) j SO(D) x SO(D). In addition, for special values of the momentum and the winding 
numbers rrii = rii = ±1, ^ = 25ij we can get the additional massless vectors, p 2 L = 2,Nl = , 
Pr = 0, N R = 1 and the gauge symmetry is enhanced to S77(2)£ x U(1) R . This corresponds to 
Ri = a/2, and ej = V^fij, the torus is compactified on D circles with radii R = \/2. 



2.2 General theory of orbifold compactifications 

In the main bulk of this section, we will be concentrating in the study of strings propagating 



in Zn orbifold backgrounds [SO, p3l |308|, ITT], |301]|. The orbifold compactifications that we are 



interested in this Thesis, will come from toroidal compactifications of the heterotic string |19| 



The heterotic string is a construction of a left moving twenty six dimensional bosonic string 
together with a right moving ten dimensional superstring. In the bosonic construction, as left 
moving coordinates we have ten uncompactified bosonic fields X^(r+a), fi = 0, . . . , 9 and sixteen 
internal bosons which live on a sixteen dimensional torus. The right moving degrees of freedom 
consist of ten uncompactified bosons X r (t — a), [i — 0, . . . , 9 and their fermionic superpartners 
the Ramond-Neveau-Schwarz(RNS) right moving fermions ^r(t — a). The sixteen internal fields 
are compactified on a torus of fixed radii and the momenta P 1 span an even self-dual lattice 
r 16 . In sixteen dimensions there are two such lattices, the root lattice of E$ x E& and the weight 
lattice of Spin(32)/Z 2 . Both the appearance of the two groups as well as spacetime SUSY are 
enforced by modular invariance of the left and right moving sectors. The Hilbert space of the 
theory is build by direct products of the left and right moving states. The physical massless 
modes correspond to ten dimensional N = 1 supergravity coupled to E$ x E$ (or Spin(32)/Z , 2 ). 
The theory contains no tachyon as in the case of the bosonic string. 

The most general compactification of the heterotic string[|82| involves compactification on the 
torus R 10 - d > 10 - d+16 /T 10 ^ 

io-d+i6) where d dimensions are uncompactified. Here, r 10 _d,io-rf+i6 
is the lattice coming from the 5*0(10 — d, 10 — d + 16) rotation of the lattice Ti 6 ® (P2) w ~ d , 
where P 2 is the two dimensional Lorentz lattice with signature ((+), (— )) and Tiq is the E$ x E$ 
(or Spin(32)/Z 2 ). However, toroidal compactifications of the heterotic string in four dimensions 
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give N = 4 space time supersymmetry which is non-chiral and thus disaster for phenomenology. 
To obtain supersymmetry breaking down to N = 1 or iV = we have to consider different 
compactification schemes^, ||, || |K], |144j , [TT|. Here, we will consider orbifolds| 



In general, if the action of a discrete group on a manifold acts freely, without fixed points, we 
obtain another manifold, if not then the resulting space is an orbifold O. Because the discrete 
group should preserve the metric of the space, then if the space is Euclidean the discrete group 
must be a subgroup of the Euclidean group consisting of translations and rotations. In this case 
the discrete group is the space group S. The general element of S is represented by g = (9,v), 
where 9 represents rotations and v translations. In this way, each point is identified with its 
orbit under the action of the space group, and thus the name orbifold. The action of the space 
group element g = (6, v) on a vector x G R d is gx = 9x + v, while that of the inverse element 
is defined as g^ 1 = (9,v)^ 1 = —9~ l v) and (9,v)(k,j) = (9k, v + 9j). The subgroup of S, 
consisting of elements of the form (1, v), forms the d-dimensional lattice A of S. The point group 
P is defined as the subgroup of S consisting of pure rotations 9, such that (9, v) G S for some S. 
Take for example two different elements (9,u) and (9,v) G S. Then (9, v)(9, u)^ 1 = (l,v —u). 
So the point group has a well defined action on the torus and its action on the torus is unique up 
to lattice translations. We can conclude that we can identify its action on the torus as P = S/A. 
So there are two equivalent ways of definning orbifolds. This means that either the orbifold can 
be viewed as the D dimensional Euclidean space R D divided by the action of the space group, 
e.g O = R D / S or as the torus divided by P. Symbolically, 

O = R d /S = T d /V. (2.9) 

In the bosonic formulation^], a four dimensional string is obtained, by compactifying the 
heterotic string with six right-moving and twenty two left-moving coordinates on a torus Tr 6 (g> 
T| 2 , where -(in obvious notation) the right handed coordinates are compactified on the torus 
T 6 , while the left coordinates are compactified on the torus T 22 . Modding out this torus by a 
discrete group, an isometry of the torus, we obtain an orbifold. In general, there are different 
ways that the modding out operation can be realized. A asymmetric orbifold can be constructed 
18 In a fermionic formulation, the compactified coordinates can be described by worldsheet fermions|& 9|. 
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by modeling the left and right coordinates as 

°=lT®ir®-Fr- ( 2 - 10 ) 

Here, we modded the extra six dimensions with different point groups P. The extra sixteen 
coordinates were modded by G, which we will call it the gauge twisting group. A symmetric 
orbifold can be obtained by modding the extra six dimensions with the same point group, Pl = 
Pr. Orbifolds with non-abelian point group are called non abelian orbifolds. However, in the 
case where the point group P is abelian the space group in general is not. This means that if we 
embed the space group in a non-abelian way in the gauge degrees of freedom then we obtain a 
non-abelian action in the gauge degrees of freedom, even if the point group is abelian. 

Here, we will be interesting in the case where T| = Tj| and T^ 6 = E% x Eg. In this case we 
will represent our orbifold as 

= %^®%^, (2.11) 

where P is associated with the point group action on the corresponding torus and S the space 
group in the gauge degrees of freedom. The meaning of ( |2.11| ) is that the bosonic closed strings 
boundary conditions are modded out by the element w = (9, v l ; 6, V 1 ) 

X\a = 2tt) = 9X\a = 0) + v\ i = 1, . . . , 6, 
X\<j = 2tt) = QX T (a = 0) + V\ I = 1, . . . , 16. (2.12) 

Here, 9, 9 are automorphisms of the corresponding torus and E 8 x E s lattices respectively. The 
corresponding lattice shifts are given by v and V. 

Orbifolds have two types of closed strings, untwisted and twisted. An untwisted string is the 
one which is closed in the torus, even before twisting starts. Their boundary conditions are 

X\a = 2tt) = X\a = 0) + w\ i = 1, . . . , 6, (2.13) 

where w l is a vector on the lattice. For w l = the string is obviously closed. The general 
coordinate expansion of the closed string for w l ^ has the form 

X*(a, r) = XI + p'r + ^ + ^ £ (< e ~^-) + < e -in(r+a)\ ^ (214) 
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where X l u is the centre of mass coordinate, and p l , w l are momentum and winding numbers. 
Strings which are not closed on the torus but are closed on the orbifold are called twisted 
strings. From the general form (|2.12| ) of the twisted strings we can conclude that they don't have 



any momentum or winding numbers in the twisted directions. However, when the strings are 
twisted [^9| by the element 6 = 1 and in addition there is a lattice shift the boundary conditions 
have the form 

1 ( a% , i i a* i , \ 

Here, n is the order of the twist and the centre of mass X\ is quantized. However here we confine 
our study of orbifolds to the effect of abelian Zn twists on the compactified heterotic strings P|. 
In this case, the action of the general element of the space group S, (9 k ,v) on the closed strings 
takes the form 

X*(<t + 2tt, r) = SX\a, r) = 6 k X i (a, r) + v\ (2.16) 

with mode expansions 

1 I Ot k OL 1 k \ 

Xi(a, r) = + -^fe-« m+ ^-°) + _^L e -*(—!)(^) . {2 .17) 

m^u \ m n / 

The position of the centre of mass x^'^ 1 , if 9 k ^ 1, is not quantized and corresponds to the fixed 
points of the orbifold. In general, the action of the space group on the twisted strings forces the 



centre of masses to be the fixed points of the orbifold. From ( |2.12| ) we deduce that the "fixed 
points" of the orbifold obey X^ k '^ % = (1 — 6 k )~ l v\ 

We are interested in the effect of twistings 9 which leave unbroken one space-time supersym- 
metry. To specify the orbifold exactly we have to choose a lattice in which the automorphism is 
acting. Different lattices may be chosen with the same point group. We will be mainly concerned 
with six dimensional Lie algebra lattices, where the point group is generated by automorphisms 
of these lattices. 

We will now start our description of Zn Coxeter orbifolds. The construction of Coxeter 
orbifolds involves the action of the point group generated from a Coxeter element on the six 
dimensional torus. Propagation on the six- dimensional torus is associated with boundary 



19 The case of Zm x Zm orbifold twists have been discussed in|3i 
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conditions in the form 

X\a = 2tt) = X i (a = 0) + 2nm a e i a , i = 1, . . . , 6, (2.18) 

where the e a are a set of simple roots of the root lattice T of the six dimensional torus T 6 defined 
by T 6 = 0. The m a are integers. The general form of the X 1 fields is [|100j |33f 



X\a, r)=q i + ~pV + m a e> + oscillators, i = 1, . . . , 6. (2.19) 

The canonical momenta take their values on the dual lattice T* with pj = n a e* a . The e* a 
represent basis vectors on the lattice T* and the n a are integer valued. 

The point group automorphisms of six- dimensional lattices for the Coxeter orbifolds is gen- 
erated from Weyl reflections in the form 

S i (x) = x (2.20) 

For the phenomenologically interesting N = 1 supersymmetric models it is useful to represent 
the action of the point group in the complex basis 

Z l = I(X 2m + zX 2<+2 ) ,Z % = \{X 2l+l -iX 2l+2 ) :i = l,...,3, (2.21) 

by the Coxeter element 

6 = diagiexpftmiT] 1 , r] 2 , r] 3 )}), (2.22) 

where if are integers with < jf < 1, e.g for the Z 3 orbifold a possible Coxeter element is 
9z 3 = (1/3) (1, 1, —2). Because, 9 is a automorphism of the six dimensional lattices, i.e it may 
act crystallografically. It must transform e.g 9 — > A9A~ 1 with A G GL(2, R). The last condition, 
determines the crystallographic condition, namely that the order of 9 is 1,2,3,4 or 6. 

The action of the point group produces on the orbifold two types of closed strings, the 
untwisted and the twisted strings. The untwisted strings are given by the expressions of eqn's 
( 2.19 ) and Q2.18 ) while for the twisted strings the following expressions hold 



Z\a = 2tt) = 9 k Z\a = 0) mod 2vrr, (2.23) 



A is the the subgroup of the space group, consisting of pure translations. 
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which look like 

^(^r) =# J)i + ^+ J] -^- m(T - ff) + ^ £ I^ e -m(r+ CT ) (2>24) 
The position of the center of mass is quantized and the center of mass is found from 



Q 



(kj)i 



(C k q {kJ) Y + 27rm°e* . (2.25) 



The value of k represents the twisted sector and k = 0, . . . , N— 1. For the untwisted sector = 0. 
The twisted strings in this way are fixed by the automorphisms of the lattice of the orbifold. We 
can consider now the action of the space group in the NSR fields. By representing the action of 
the point group on the lattice with the shift (1, it*) we get that the NSR fields are given by, 

<P = q t + l -{v t + ku t ){r-a) + \ £ -a^e'^^ \ t = 1, . . . , 4. (2.26) 
2 2 (n^o) n 

Here, we used the bosonized form of the NSR fermions, with p t taking values on the weight 
latticeQof SO(8). As a result, the mass formulas for the spectrum of the physical particles from 
the k-twisted sectors, are found to be 



8 l * J 2j =3 



i£(Pk)\o + ^E- =1 (^ + + N R ~ - + c *' 1 = x > ■ ■ ■ ■ 6 ( 2 - 27 ) 



and 



^rf°) 2 = ^ E G^)\o + ^E^' + ^'f + ^ ~ 1 + Ck, i = 1, - - - , 6 (2.28) 

where and represent the left and right moving momenta respectively of the X 1 , while 
and Af } are the number operators in the k-twisted sectors. The shift embedding V 1 in the 
gauge degrees of freedom is a automorphism of the E& x E$ and represents the embedding of 
the space group in the gauge degrees of freedom. In general S is embedded by an automorphism 
and/or shift in the gauge degrees of freedom. If the automorphism is in the Weyl group of 
Eg x Eg then the twist is realized through a shift [[32]. In general, it is possible to have additional 



21 



The weight lattice of 50(8) can be constructed from its vector and spinor representations. 
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background field parameters corresponding to topologically non-trivial directions in the gauge 
and torus directions defined by 

J Ajdxt = A\e\ = a T a , I = 1, . . . , 16, z,a=l,...,6, (2.29) 

where e\ are the basis vectors on the six torus. In the case that the Wilson lines commute with 
the general gauge group elementQ, we can realize the gauge element and the Wilson lines through 
shifts in the E s x E 8 lattice. In this case, the shift in the momentum in the twisted sectors will 
be modified to p 1 + V 1 + Y%=i m a a ai where m{ integers is associated with the fixed points. If 
the Wilson lines do not commute with shifts on the lattice, they can lower the rank of the gauge 
group [^]. We will not describe, additional properties of the Wilson lines since we will not need 
them in this Thesis. 

The numbers C& represent the contribution of the oscillators to the zero point energy in the 
form 

1 3 

Cfc = -^{\kr Ji \-Ird{\krji)){l-\kT]i\ + Int{\kn i \) } (2.30) 
1 i=i 

where Int(\kr]i\) denotes the integer part of the expression in parenthesis. In addition, physical 
states have to satisfy criteria that are coming from the requirement that the physical Hilbert 
space of the theory must keep states which are only invariant. In the untwisted sector, we 
will have to project to S x P invariant states in order to implement the orbifold projection of 
the heterotic string spectrum. 

The right moving excitations of the heterotic string are described by the ten dimensional 
superstring (SP). The tachyon is projected out by the GSO projection, and the vacuum states 
are those of the SP. As a result, the chirality of the physical states in the Hilbert space comes 
form the right moving sector. The latter are the ten dimensional^ The supersymmetry charges 
surviving the orbifold projection are given by the condition 

\y(v),Pt] = 0, V{u) = e 2 ™ t(t >\ P^ = e- 2 ™ V , (2.31) 

where V(v) is the supercharge and v l G 8 C , and is a translational operator acting on 
the bosonic fields and represents a Z^ rotation on the bosonic coordinates, X l (a + 2tt,t) = 
22 i.e representing the gauge group element in the form G x P , where G, P denote the gauge and point group 

elements, we may have g — ► (6, 0; 1, V 1 ), A — > (1, e l a ; 1, a^). Then [g, A] = 0. 

23 The mass operator for the heterotic string in the right moving sector is that of the NS-R superstring H. 

namely N = J2n=i( a -n^n + n S- n Sn), where vector bi |0 > and spinor \S a >. 
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e 2mu * X t (<j, t). As a result the number of supersymmetries is equal to the number of super- 
charges which satisfy the previous condition. The number of unbroken supersymmetries is given 
by the number of vectors which satisfy (|2.31|) , i.e J2i=i u l v l = integer with v l € 8 C . The 8 C corre- 
sponds to the conjugate spinor representation of SO{8). For vacua with N = 1 supersymmetry 
unbroken the previous condition becomes iu 1 ±u 2 ±u 3 ±w 4 = 0, where we must set u 1 = since 
space time degrees of freedom are not rotated. Now the point group is embedded in the standard 
way in a SO(6) subgroup of E%. Because its eight eigenvalues acting on the spinor of SO(8) are 
in the form e tn (± ul ± u2 ± u3 ) ( there are at least two zero modes for the right handed spinor fermions 
in the Green-Schwarz formalism. So at least one unbroken supersymmetry in four dimensions 
remains. 

We will now describe constraints from modular invariance of the one loop vacuum amplitude. 
The space of physical states in the Hilbert space of the orbifolds is given by the direct product 
of the Hilbert spaces of the left and right sectors. The constraints of the spectrum coming from 
modular invariance are best described from the examination of the properties of the vacuum 
amplitude Z(g,h). At one loop the string world sheet describing the one loop amplitude with no 
external legs is a torus. The torus is described by the modular parameter rQ- If we parametrize 
the torus by (cr 1 ,cr 2 ), where a point on the torus corresponds to the complex number <j\ + ra 2 , 
then we can consider the bosonic string variables on the orbifold in the form 

X{a 1 + 2tt, a 2 ) = hX(a u a 2 ), X{a x , a 2 + 2vr) = gXfa, a 2 ),0< a Xl a 2 < 2tt. (2.32) 

Here, g and h represent twisted boundary conditions, which can be periodic or antiperiodic. For 
consistency of boundary conditions h and g must commute. 

We are introducing the one-loop invariant vacuum amplitude as 

Z(g,h) = J J^nr). (2.33) 

Here, 7i = J T>XT>^e~ s is the path integral of the action 5* on the world sheet torus over the 

fermionic \1/ and bosonic X degrees of freedom. In orbifolds, 7i receives contributions from the 

If we want to describe the group of global diffeomorphisms on the torus, the space of inequivalent tori, then 
the parameter space for 

t is the group of modular tranformations under which r — > g^jg ; with ad — be = 1, a, b, c, d € Z, the modular 
group of the torus PSL(2, Z). See appendix A. 
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untwisted and the twisted sectors while its general form is 

n =W\ e(h,g)I(h,g)(r). (2.34) 

I' I [h,g]=0 

Here, e(h,g) are the discrete torsion phases Pm , while the interpretation of the sum in ( |2.34j ) 
is as follows. For abelian group G, the path integral is calculated with boundary conditions 
h (g) in the o\ (02) directions. The various components of I{h,g) are related one another by 
modular transformations of the world sheet parameter r. Under r modular transformations, i.e 
t (h,g) -> (h d h a , h b g a ) and H(h,g) -> H{h d g c , h b g a ). For Z N orbifolds with V elements 

8 m , m — 0, . . . , N — 1, we have e(8 m , 8 n ) = 1 for every m, n. The various contributions to I(h, g) 
are given by 

Tr f ^!L_( G W e 2 ^e- 2 ^) ; ( 2 .35) 
J (ImT) 

where the Tr is over all modes while the L h and L h are the Virasoro operators for the h-twisted 
sectors, right and left respectively. Eqn. ( |2.35| ) is associated with the sum over g twisted sectors, 
twisted by h. Moreover, 

1 JV-l 

&h) = T7 E 4>(h,g)(A (g) ) h , (2.36) 

where, N is the order of the point group, implements the projection operator (A^) h in the 
g twisted sector. For Z N orbifolds, 

G{9 m ) = T7 E n )A g (6 m ) n , (2.37) 

A g (6 m ) = e^iHE ~(«') 2 +E ^) 2 )+E(P I +™v")^-E(? i +™'M). (2.38) 

Here, V is the embedding of the point group in the gauge degrees of freedom. In the case, 
that there are massless states with left oscillators (|2.38| ) must be modified with the addition of 
the term exp 2m ^, which is the eigenvalue of the oscillator under 9. The number of fixed points 
under 8 gives us the degeneracy of the corresponding twisted vacuum and appears in the one 
loop partition function as an overall factor. The factor tfj(8 m ,8 n ) is the degenerary factor. The 
explicit formula for the ip reads 

jj(9 m , 8 n ) = ^{8 m , 8 n ), for tfj{8 m ) ^ 0, 
t(8 m , B n ) = ^ ' , for ^(8 m ) = 0,n^0 

^(8 m , 8 n ) = Ii k ^ k {8 m ), for W 1 ) = 0andn = 0, (2.39) 
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where ip(9 m , 9 n ) is the number of points simultaneously fixed by the point group elements 9 m , 9 n 
and the subscript j runs over untwisted components and k over twisted components. If the 
rotation 9 m leaves fixed tori, ifj(9 m ) = 0. We should notice that the number of points fixed under 
the automorphism 9 P depends only on the automorphism, not on the specific lattice and can be 
calculated using the Lefschetz fixed point theorem [|(J 

n = tfj(9 p ) = det(l - 9 P ) = Iljisir^mrjj, (2.40) 

where the determinant is in the vector 6 representation of 5*0(6) for compactifications that 
preserve one four-dimensional supersymmetry. 

For m = 0, i/j(l,9 m ) = 1, since we are considering untwisted strings. For example, the total 
partition function can be written as 

n—1 n—1 

P = Puntwisted + Prwisted, Pu = X ^(^' ^")> ^ T = X X 1(9™, 9"). (2-41) 

n=0 n=0 [h,g]=Q,m£l 

The invariance of the vacuum amplitude (9, 1) under modular transformations r — > r + iV 



gives [BO], pi 



N (X ( M *) 2 - X (^') 2 ) = mod n ' ( 2 - 42 ) 

4 8 16 

iVX M * = iVX^ J = ^X^' = mod 2. (2.43) 



i=l J=l J=9 

The level matching constraint (|2.42| )[5T, p0| holds for n even, while for n odd becomes mod 2n. 



Up to know we have discussed properties of the space group of the orbifold . In general S 
will be embedded in the gauge degrees of freedom by acting with an automorphism 9 and or 
shift V on the gauge degrees of freedom. In the absence of Wilson line backgrounds a Weyl 
automorphism is equivalent to a lattice shiftQ. 

If one acts on the gauge degrees of freedom with exactly in the same way as in the SU (3) C 
SO(6) subgroup of extra six dimensions this is called the standard embedding. This scheme 
is reminiscent of the identification of the spin connection with the gauge connection |1 44 



m 



Calabi-Yau manifolds. There, by setting the H field equal to zeroQj the Bianchi identity, coming 
from compactification of the heterotic string in a six dimensional Calabi-Yau manifold, becomes 



25 The reverse argument is not valid. 

26 See some relevant discusion in chapter four. 
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F[mn-Fkl] = R[mnR c kl]i where the capital letters take values in the tangent space of the ten- 
dimensional space time. Picking up as a solution, for manifolds of SU(3) holonomy the iden- 
tification of the 577(3) spin connection with the S77(3) gauge field Am, breaks the E 8 down to 
Eq. In the same way, in orbifolds we can embed the SO (6), in the fermionic representation of 
E 8 where the E 8 degrees of freedom are described by sixteen world-sheet fermions transformimg 
as 16 under the 5*0(16) C E 8 , action of P in S such that the embedding of the 50(6) in its 
Cartran subalgebra, i,e exp 2nl ^ aJl2+bj34+cJs ^ is identified with a shift (a, b, c, 5 ) on the group 



torus||80[|. For the Z 3 orbifold, coming by the standard embedding, choosing the the point group 
embedding r x = ~(1, 1, —2) and the gauge group embedding V = |(1, 1, , 5 ) the gauge group 
breaks to Eq x SU(3) x E 8 . The gauge group of the theory will come from the untwisted sector 
while the matter supermultiplets come from the twisted sectors. The gauge and matetr content 
is a consequence of the massleness condition ( |2.27|J2.28|) and the orbifold projection ( |2.38|) . 

Our main interestcis to the Zn twists of six-dimensional Lie-algebra lattices - with the point 
group to be generated by automorphisms of these lattices - which leave unbroken space-time 
super symmetry. These automorphisms are realized as inner or outer. The inner automorphisms 
are given by the Weyl group of the algebra. A special class of inner automorphisms are the 
Coxeter elements, which can be written as products of Weyl reflections with respect of all the 
simple roots, that will be discussed in more detail in chapter three. 



2.3 Duality symmetries 

The simplest way to get a four-dimensional (or more generally a D-dimensional, D < 10) theory 
from the ten-dimensional heterotic string is the compactification of six (or d) space dimensions 
on a torus f82|: ^ 10 — * M ° x T<i > where 



T d = j-, d = 10 - D, (2.44) 

and A is a ^-dimensional lattice with basis {ej}. A state on the compactified sector is labeled by 
its continuous space-time momentum \i = 1, . . . , D, its oscillation state, its gauge quantum 
numbers p 1 ,1 = 1, . . . , 16 and by its winding vector 



w = w l ei G A, i d 



(2.45) 
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describing how the string wraps around the internal dimensions. In addition, it is labeled by its 
discrete internal momentum 

p = p i e* i e A*,;i = l,...,d, (2.46) 
where {e* 1 } is the standard basis of the dual lattice A* of A. The metrics of the two lattices are 
G ij = e *i . e *j and G .. = e . . Gji where c ij G jk = e** ■e k = 5 i k . (2.47) 

All the internal quantum numbers of the D-dimensional theory can be combined into the left— 
and right-moving momenta, which form the momentum lattice r 16+ ^.^: 

(pl; pr) = (pia + pW,p r ^) e r 16+d;d , (2.48) 



pi = p 1 + A\w\ A = A'tae 1 , (2.49) 
\p 1 ~ B\w k - l -p J A M - 1 



p- L = -pi - B\w k - -p J A Ji - -A Ki Afw j + w i (2.50) 



with w l G Z 



pi R = -p* - B\w k - -p J A Jl - \.A Ki Afw j - w l (2.51) 
2 2 4 J 

Here, A are the Wilson line background fields and the e 1 are basis vectors for the self-dual 
lattice ri6+6 ; 6- Toroidal compactification of the heterotic string with p left moving and (16 + 
p) right moving coordinates compactified, gives a moduli space parametrized from p(16 + p) 
components. The antisymmetric tensor corresponds to (l/2)p(p — 1) components, the metric 
tensor to (l/2)p(p+ 1) components. The remaining 16p parameters are associated with the 
Wilson lines A\. The presence of the Wilson lines are neccesary since even if the condition for 
finding a vacuum solution for the Yang-Mills strength is = 0, the Yang-Mills field on the 
torus can still have a non-trivial holonomy associated with the Wilson lines. Of course, this is 
in exact analogy with the instanton solitions of Yang-Mills equations in gauge theories. 

In the case of vanishing Wilson lines Af, I can write for the momenta 

p L = \ m + (G - B)n , p R = \m - (G + B)n, (2.52) 
where G, B represent the background metric and the antisymmetric tensor field. The moduli 



space of heterotic string compactified on a D-dimensional torus [82] is locally isomorphic to the 
coset manifold so S (d)xSO(d) • However in order to reveal the global geometry of the moduli space 
we have to find how the discrete modular symmetries modify its coset structure. In this part of 
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the thesis we will describe the way, that the six- dimensional part of the compactification lattice 
fixes the background deformation parameters, namely we will find the conditions imposed to the 
background fields from the requirement of duality invariance on the physical spectrum of orbifold 
compactifications. 

The target space duality symmetries now are defined as those discrete transformations acting 
on the the quantum numbers which leave the spectrum and the interactions invariant. 

Duality in its simplest version, is the compactification of a closed bosonic string on a circle, 
represents the invariance of the spectrum under the inversion of the radius R — > ^ and a 
simultaneous interchange of the momentum and winding numbers m <-> n. This result can be 
seen directly from the discussion in section 2.1, but for simplicity let us review this result f33| . 
Compact bosonic strings with one of the compact dimensions, e.g X 25 compactified on 5 1 , a circle 
of radius R, means that X 25 = X 25 + 2nRn. In this case, the wave equation for the compact 
coordinate splits into left and right movers 



X 



R 



x T 



1 1 k^O 



1 



XL 



-ik(a+r) 



z k^O 



(2.53) 



(2.54) 



where , a are oscillators. The left and right moving momenta the Hamiltonian and the spin 
are given by 



m m m 

Pl = 1- nR, vr = nR, H = — - 

y 2R ' y 2R AR 2 



+ n 2 R 2 , S 



Pl 



Vr 



ran. 



(2.55) 



Obviously, the spectrum is invariant under the transformations R <-» tth and m 



2R 



n. 



For the heterotic string, the Hamiltonian and the spin of the vertex operator are defined 



S=l (plG- x Vl - p T R G~ l VR ) = \ (u'riu 



(2.56) 
(2.57) 



where 



u 





( 



\ 



2(G-B)G- 1 (G + B) BG- 1 



-BG- 1 



(2.5* 
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and Id the identity matrix in d-dimensions. The duality transformations act as 

f2 : u — > Sn (u) = £l~ u. 



(2.59) 



Invariance of eqn's.( p36| , |2.57|) under target space duality transformations gives the conditions 
for the background H, S to remain invariant namely : 

Q T r]Q = r) (2.60) 

3 -> tt T Ett, (2.61) 

so that Q is an element of 0(d,d,Z) and ( |2.61|) defines the action of the duality group on the 
moduli fields. In the case of toroidal orbifolds |83|| the quantum numbers transform as 



u 



u 



Ru, R 



N 



(2.62) 



Because the point group acts on the compactified coordinates as x M (27r, r) = 6£x u (cr, t)+2ttw u , 
where \i = 1, . . . , d and the 9% the twist matrix in the space time basis, we have that 

/ 



R 



def 



Q 

Q* 

where w u is the winding number and Q by definition is 



V 



(2.63) 



(2.64) 



Because the twist is an automorphism of the lattice, Q must have integer entries. 

Finally the condition that the point group to be an a lattice automorphism gives 1 102] 

QtGQ = G, (2.65) 

Q'BQ = G. (2.66) 

We will end the discussion of the toroidal duality symmetries in orbifold models by discussing one 
more condition that have to be satisfied by the momentum and winding numbers in an orbifold 
background. For the Z N orbifolds the target space duality symmetries of the untwisted sector 
that are surviving the orbifold projection, i.e the torus has to commute with the twist, have to 
satisfy [|103|1 , QR — R k Q — 0, k — 0, 1, ..N, while if the point group action 9 k leaves a complex 
plane invariant Q k n = n, Q* k m = m, where * denotes inverse and transpose. For twisted sectors 



of Zn Coxeter orbifolds modular symmetries were examined in [|117| , |118|| . In reality there are 
three ways to find the modular symmetry. They are listed in [ 120j| . 
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3. Aspects of Threshold corrections to Low energy Effective string 
theories compactified on Orbifolds 

3.1 Introduction 



Four- dimensional [§, |9], [H| |8(| [208| , [211|1 superstrings represent at present our best ever can- 



didates for a theory which can consistently unify all interactions including gravity, even if at 
present, there is no second quantized formalism. In order for the string theory at the Planck 
scale to make contact with the observed world at the weak scale, one needs to find the effective 
low energy theory of the superstring theory (ELET). 

Corrections to the general theory of relativity(GR) coming from the massless modes of the 
superstring theory appear in two different forms. One is associated with the use of background 
field contributions of the infinite tower of massive modes leading to corrections in a', while 
the other corresponds to quantum loop effects. In the first form, the effective lagrangian of the 
massless modes can be studied in the a model approach An example action involving bosonic 
backgrounds only is the following: 

S= 2^I ^\V99 ab daX»d b X»G, u {x) + e ab d a X»d b X»B^(x) 

+a'V9R (2) H^ + V9f(x)}, (3.1) 

where G F (i), B^ u (x), $ and the vacuum expectation values of the usual background fields, 
namely metric, antisymmetric tensor, dilaton and tachyon field respectively |21J. In the confor- 
mal gauge yfgg ab = S ab , imposing conformal invariance, namely traceless stress energy tensor, 
quarantees decoupling of negative norm states. In this case, conformal invariance, i.e vanish- 
ing /3-functions for the backgrouncQields, leads into the correct 0] equations of motion for the 
massless fields. 

F = + T7^[4(V 2 $) 2 " 4( V 2 $) -R+ ^} + O(a') 

a' Aqtt z \bn z 12 

(3% = R»u ~ \Hl P H^ p + 2 V „ V** + O(o' 
PlL = V«#!L - 2(V^)^ + H^ v = 3 v K B h (3.2) 



27 derived from Heterotic string constructions p9| . 

28 By expanding the stree enrgy tensor to leading order in the loop coupling constant a' . 
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In the other form, corrections to GR come via the S-matrix approach In the S-matrix 
approach, the calculation of the effective lagrangian of the massless modes proceeds through the 
calculation of string scattering amplitudes. It has been shown |21||, that the tree level action of 
the heterotic string corresponds to the bosonic part of the Chapline-Manton lagrangian with the 
field strength of the antisymmetric tensor field appropriately generalized to include Chern-Simons 
three forms. The latter account for the cancellation of the gauge and gravitational anomalies in 
the 10D heterotic string action. 

For the N — 1 heterotic string the massless sector consists of the Yang-Mills0 supermultiplet 
(A°, x a ) in the adjoint representation of the gauge group and the N — 1 supergravity multi- 
plet(SM) consisting partly of the graviton, the dilaton scalar <ft, and the antisymmetric tensor 
B^y. It's effective lagrangian in 10D describes N = 1 supergravity coupled to supersymmetric 
Yang-Mills. The low energy lagrangian coming from the calculation of superstring scattering 
amplitudes describes the massless mode excitation dynamics of the heterotic string [ 52, 53| at the 
string unification scale. 

The effects of string theory in our low energy world at the weak scale, are becoming appar- 
ent via the running of physical couplings through the evolution of the Renormalization group 
equations(RGE). Particular role in this respect is played by the gauge coupling constants whose 
properties we will examine later at this chapter. In string theory physical couplings and masses 
are field dependent. They depend explicitly on the vevs of some massless scalar fields, the so 
called moduli Q From the point of view of effective low energy theory the moduli are massless 



neutral scalar fields with a flat potential to all orders |22], [35| of perturbation theory with classi- 
cally undetermined vevs that can be as large as M v i an ^. Neglecting non-perturbative effects, the 
moduli fields give an infinite degeneracy of string vacua. In addition, the global structure of the 
the moduli space Ai is affected by the invariance under some discrete reparametrizations of the 
moduli fields $ 

^ £ M (3.3) 

29 Here A%j, \ a represent the gauge field and its gaugino in 10 dimensions respectively. 

30 The continuous deformations, of a superstring solution constitute its moduli space. At the level of conformal 



field theory they correspond[232] to integrably marginal operators i.e. BRST invariant operators, that we can 
add to the world sheet lagrangian without affecting the equations of conformal invariance i.e. the value of the 
/3-function remains zero. The general form of the deformation appears as YJ^ g% J d 2 z&i(z, z), where the constants 
gi correspond to the coordinates of the moduli space, i.e they are moduli. 
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the so called target space duality^, |37|, |42], [43], |38|, |4] transformations. They change the 
geometry of the internal space and leave invariant [4"4"| the massive spectrum and interactions. 
They are of great importance, since by lifting the degeneracy by perturbative string theory jf7|, 
|48| , [49| , [5(J] or non-perturbative effects^ we will be able to see clearly the effects of string theory 
on the physical observables. On the other hand, the moduli dependence of the effective action 
is important since non-perturbative effects like gaugino condensation can provide a potential for 
moduli fields which can lift the vacuum degeneracy and provide a mechanism for supersymmetry 
breaking^. Unfortunately, a non-perturbative formulation of string theory is still lacking^. 

In this chapter we will explicitly discuss the one-loop moduli dependence of effective gauge 
couplings^} String theory demands that the massless spectrum of physical particles originate 
from superstring excitations that are massless at the string unification scale. Below this scale 
the effective gauge couplings(EGC)Q evolve according to the usual RGEs which at the one loop 
level receive a threshold correction from the ultrahigh energy theory, string theory. The values of 
the physical couplings at the string unification scale M string represent the boundary conditions 
of our RGEs. At tree level the gauge interactions g a are all connected to a single scale, the string 



mass M str i n g ~ Q.h27g string!^ GeV [|53], as follows^ 



g 2 a k a = 4W G N = g string = G N M 2 string = — , (3.4) 

, where k represents the gravitational coupling, k a the kac- Moody level of a gauge group factoiQ, 
a' 1 the string tension and the Newton constant. The gauge coupling constant at a mass 
scale /x, receives up to one-loop level |53[| corrections according to 



I _ K ^ b a ln ^tHn 1 _ 1 A ^ (3 _ 5) 



£a0) 9 string ^TT 2 /i 2 16tT 



31 See chapter 5. 

32 The most satisfactory solutions to supersymmetry breaking up to know are coming from non perturbative 
gaugino condensation mechanisms even if they fail to fix correctly the dilaton-see chapter 5. 
33 For a review see reference (J5l|). 
34 At the level of perturbative string theory. 

35 Effective quantum field theories involve^, [S7| , |88| two kinds of couplings. The Wilsonian gauge couplings, 
which are gauge couplings of an effective lagrangian from which the massive modes have been integrated out and 
depend on the cut-off scale. In addition, there are the EGC which depend on the momentum scale. Since don't 
depend on the cut-off scale, they do not correspond to any local effective lagrangian. 

36 We assume that the gauge group at the string unification scale is a product of group factors G — IT a G a . 
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with A a given by 

A a = f *L(B a (r,f)-b a ). (3.6) 

Here b a is the field theoretical f3 a function coefficient of the gauge group factor G a of the effective 
theory of massless modes contributing to the threshold corrections. The quantity B will be 
defined in detail later in eqn.( |3.10| ). A , denotes the string theoretical threshold correction^, 
of the factor G a of the gauge group G = H a G a , to the gauge coupling constants. In addition, 
r = 7~i + ir 2 is the modulus of the world-sheet torus and the integration is over the fundamental 
domain T = {r 2 > 0, |ti| < 1/2, \r\ > 1}. 

The inclusion of threshold corrections is necessary to test the old ideas of unification of gauge 



interactions in the grand unified models, particularly since LEP measurements [T?\ support the 
possible existence of a grand unified theory at an energy of 10 16 GeV. Matching the correct values 
of the electroweak data at Mz, by ruuning the RGEs down to energies of the electroweak scale, 
can support the existence of Higgs scalars in the adjoint, necessary to break the grand unified 
gauge group to the standard model. Unfortunately the gauge interactions in string theory depend 
on the Kac- Moody level "k" and in the most popular searches at k = 1 JT3| there is no way that 
adjoint scalars can appear f74|, except the construction of flipped SU(5)|fT8| where the breaking 
of the GUT group happens without adjoint scalars. The appearance of adjoint Higgs at higher 
Kac-Moody levels J72], |73| becomes possible, via the existence of string models with a grand 
unified group such as i.e, SU(5) or 5*0(10) |72|. This of course makes more appealing the 
testing of GUT's but complicates the proliferation of a specific string vacuum if anyQ, since the 
proligeration of the vacuum is reduced to the old GUT problem of gauge symmetry breaking. 

One of the big problems of string theory at the moment, is that the value of string unification 
37 More details will be given in section (3.2.1). 

38 If after compactification we get a gauge group as G\ x G*2 x . . . then from the total contribution of the 
central charge to the left moving sector, we get the constraint cq = Yli — 22 ■ From this relation cq — J^i = 
Si fc fc d ™ Gi — 22, where dimGi and pi are respectively the dimension and the dual Coxeter number of G; (p = N 
for SU(N); p — 12 for Eq) 1 we can easily derive that 5*0(10), E§ can be at most realized at levels 7 and 4 
respectively. 
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scale which is calculated up to one loop at string level |53j in the DR scheme to be 



M d - f 

1 vl string 



_(l-7)/2o-3/4 
\ (27ra') 1/2 / _ Ajr y string IV1 plank 



47T 

= 0.527 g GUT x 10 18 GeV, (3.8) 



is in apparent disagreement with the success of the gauge coupling unification of minimal su- 
persymmetric standard model (MSSM) [jTB] at an energy of about 10 16 GeV. Since MSSM gives 
us full agreement with the LEP measurements the reason for disagreement caused a lot of ex- 
citement and several reasons were invoked to desolve the discrepancy. In the case of additional 
massless chiral fields on top of the spectrum of MSSM[ff5, [76| , |6lj 98fl , one needs an additional 



intermediate scale M at ~ 10 12 14 GeVQ, to lower the string unification scale down to 10 16 
GeV. An alternative way of lowering the string unification scale, is to consider variations of the 



hypercharge normalization [77], which for the case of the U(l) gauge group is identical to k\. In 
this case we find agreement as long as the k\ ~ 1.4. 

A different option uses the target space modular invariant constraints necessary for cancel- 
lation of target space amodel duality anomalies of the effective lagrangian to find the necessary 
range of modular weights of matter fields which account for anomaly cancellation associated with 
completely rotated planes^ and minimal string unification. In |E| it was found that for (0,2) 
orbifolds only the Z' 8 and Zn X Zm orbifold survive this test. Unfortunately the values of the 
moduli which satisfy the constraints of duality cancellation and minimal string unification have 
values near 16, very far from the values obtained from gaugino condensation at their self-dual 
points. Of course it remains to be seen if further superstring corrections to physical quantities of 



interest will improve this analysis. Finally, we would like to mention the recent attempts p4] , |95H 
which use the soft terms^and minimal unification of gauge coupling constants to calculate at 
the weak scale the masses. In such an approach, one uses as effective low-energy particle con- 
tent of the theory the MSSM and the minimal unification approach, to make predictions for the 
low-energy a em and the particle masses. This will test string theory in the near future. 

jy 7 e ~ 0.57722 is the Euler-Mascheroni constant. Normalization of the string coupling is as g s tring = 9gut- 
In this casefl, a' M* lank g% ring = 32tt. 

which is by itself contradictory since string theory is a theory of only one scale. 

41 Planes for which the eigenvalue of the point group embedding is equal to -1 

42 Being left over after |99| the spontaneous supersymmetry breaking of the effective supergravity theory of our 
hctcrotic vacuum. 
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Various calculations of string threshold corrections to the gauge coupling constants have been 
performed in the literature for different classes of heterotic strings. Initially calculations were 
performed |53| for Z3 models with (2,2) supersymmetry and with the presence of no Wilson line 
background fields. Further investigation of the one-loop moduli dependence of the gauge coupling 
constants was performed in [[fl|]. Application to fermionic constructions [79] was performed for 
the Z 2 x Z 2 orifolds and especially for the flipped SU(5) model, where the corrections were 
incompatible with minimal unification. An analogous calculation was applied in the case of 
type-II superstrings in |62| where the moduli sit at the enhanced symmetry point . The 
same investigation was applied for various Calabi-Yau manifolds in |57], [58|| . In addition, for 
symmetric (2,2)decomposable orbifold compactifications in [71| and for the non-decomposable 
orbifolds in|E9|. 



The value of the g s trin g in eqn. (|3.6| ) includes a universal-gauge group independent and moduli 
dependent contribution /\ universal i n the form[3£ 

g string = ReS + _i_A— -'(0, 0), (3.9) 



which was discarded in all the previous calculations. By the way, the practical use of eqn. (|3.5|) 
was in the calculation of the one-loop threshold corrections coming by taking differences between 
different gauge groups. In this way the value of the universal term didn't really matter. The 
infrared regulator part and the contribution due to gravity of were recently calculated in ||123| 



In|63|, |104j| a numerical calculation of the value of the gauge group independent universal term Y 
termp] was reported for a variety of backgrounds with Wilson lines. The value of the universal 
term for Z 2 X Z2 was recently calculated [129] using the work of reference [|123| , 130|| . It's value 
represents the exact contribution to the threshold corrections since in this case the underlying 
fields F£ u are exactly marginal and therefore their deformation behaviour exactly calculable. 
The value of the universal term reflects the contribution |H| of the gravitational back- reaction to 
the Einstein equations of motion when the non-zero background field is turned on. 

Furthermore the full moduli dependence for orbifolds where the underlying lattice is assumed 
to decompose into a direct sum of a two dimensional and a four dimensional sublattices namely 

43 This is just an example of a CFT since type-II superstring cannot incorporate the standard model Bjj |. 
44 Writing the threshold corrections A a = b a A +k a Y, where A the moduli dependent contribution, k a the 

Kac-Moody level and b a the N = 2 /3-function. 
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A2 © A4 with the unrotated plane lying in A2 together with the inclusion of Wilson line back- 
ground fields have been derived in||65||. 

the inclusion of the Wilson line dependence on the one-loop string threshold corrections, can 
provide us with the the correct values of the Weinberg's angle and strong coupling constant a s 
at the scale Mg]96]. Nevertheless, it is introducing gauge group dependence. It is unlikely 
that a proliferation of the string vacua will involve any Wilson-line dependence since in this case 
there must be a principle to proliferate over the particular choice of Wilson lines which breaks 
the (0,2) compactification to the SU(3) x SU(2) x U{\) gauge group at Mz- 

An interesting development is the direct calculation of the threshold corrections in [|130|| 
of N=2 theories exhibiting exactly the behaviour of the threshold corrections at the enhanced 
symmetry points, as was predicted on the basis of symmetry arguments in | |12U| |p|. It is interesting 
threfore to perform the same kind of calculation for the case of non-decomposable orbifolds. 

In this part of the thesis we will calculate the full moduli dependence of the threshold cor- 
rections for the case of the Z' 8 non-decomposable orbifold | 6q| , for the case where no Wilson line 
background fields are involved . This particular class of orbifold models was singled out from 
the list of Zn orbifolds, in the analysis of |92| on the basis of satisfying the constraints from 
modular anomaly cancellation and unification of coupling constants, if the low-energy particle 
content was that of the MSSM. Of course there is always the counter- argument: why is there no 
string theory with just this particle content? 



3.2 Threshold corrections to gauge couplings 
3.2.1 Introduction 

The calculation of the threshold corrections to the gauge coupling constants in N=l orbifold 
compactifications was performed explicitly in |7TJ. For the calculation of the threshold corrections 



to gauge couplings for the Z' 8 non-decomposable orbifold [§6|, we need the full expression of the 



45 In my opinion. 

46 via the calculation of the topological free energy. 



-46- 



A quantity in eq. flOl) . 

This quantity appears in the calculation of the one- loop amplitude involving two gauge bosons. 
In analytic form, 

= wwz ^r^ * *« [«<-»«wl ■ (3 ' io > 

The factor l/|^(r)| 4 is associated with the contribution of the light cone partition functions of 
the space-time bosonic coordinates X^, while is the corresponding quantity for the space-time 
bosons ^Z^. 

The spin structure of the fermions is denoted by s = (si, S2), where Si, S2 G {0, 1}. A zero 
(one) refers to anti-periodic(periodic) boundary condition on the torus. The partition function 



(t). The trace over the internal sector 



for one complex fermion is givenQ by Z q p(s, r) = ^7y^ 
receives contributions only for massless particles since the operator (— 1) S2F determines the chi- 
rality of the massless fermions. Note, that massive fermions are not chiral as they form complete 
supermultiplets. In addition, H and H are the right and left moving sector Hamiltonian operators 
in the corresponding internal sectors. Furthermore, q = e 2mT and Q a is the charge of a state with 
respect to a generator of the gauge group labeled by a, and r = T\ + ir^ is the modulus of the 
world-sheet torus over the fundamental region defined by T = {r 2 > 0, -f < |,n < 0, \t\ > l}. 

In addition, in the infrared limit r 2 — > 00, the B becomes 

b a = lim B ( T , f) = ^tr v Q 2 a + \tr F Q 2 a + \tr s Q 2 a . (3.11) 

The individual traces receive contributions from massless vectors {try), where (H,H) int = 
(1/12,-3/8); from massless fermions (trp) having (H,H)i nt = (1/12,0) and massless scalars 
(tr s ) having (H, H) int = (1/12,1/8). 

This formula is valid for any tachyon free vacuum of the heterotic string. The trace on the 
above formula is over the internal sector and the partition function involved in the sum must be 
separated into sums depending on the number of supersymmetries which are preserved by the 
world-sheet boundary conditions. The trace is model dependent. For orbifold constructions of 
47 Z^,(s,r) d = {i ^(r), where i = 3 for s = (0,0), i = 4 for s = (0,0), i=2 for s = (0,0) and i = for 
a = (1,1).} 
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the heterotic string, this trace decomposes into sectors with boundary conditions (g, h) along the 
cycles of the world-sheet torus as: 

Tr Sl (Q a 2 (-rV- n/ V- 3/8 W = |^| E Tr (9 , Sl) (Q2(-rV - n/ V°- 3/8 ). (3.12) 

g,h e G 
gh = hg 

Here, L and L Q represent the generators of dilatations in the complex plane for the left and 
right moving sectors respectively. Only sectors which are not completely rotated from orbifold 
twists are nonvanishing in the sum. For the N = A sectors where all the fermions have to be 
considered as untwisted, the sum over spin structures decomposes as 

E (-l) Sl+S2 ^G)^ 3 G)^[E(- 1 ) Sl+S ^ 4 (^)] =0, (3.13) 

si,s 2 =0,l aT Sl,S 2 

where [E sl , S2 (-l) Sl+S2 # 4 (s 2 )] = 0f(O|r) -0f(O|r) + 0f(O|r) = 0, because of the zero identity of the 
9 functions. The only terms that give non-vanishing contributions to the moduli dependent sum 
in eqn. (|3.12 ) are the sectors, where the point group G which divides the six dimensional torus is 



a subgroup of SU(2), i.e sectors with N = 2 supersymmetry. The union of all twists associated 
with N = 2 planes of the abelian orbifolds form the little groups Gi C G of the unrotated 
planes. In this case, the moduli dependent threshold corrections become 

Aa = ^p A '"> ( 3 - 14 ) 

where A' a is the moduli dependent contribution corresponding to the N = 2 T 6 /G" orbifold. 

In addition, for orbifold compactifications where the internal torus decomposes in the form 
T 6 = T 2 © T4, the internal sector sum on E a splits into different factors coming from the internal 
superconformal field theories (SCFT) with central charges (c, c) = (20,6) and (2,3). Remember, 
that any heterotic vacuum is obtained by tensoring in the light-cone gauge two left moving 
free bosons together with their right moving fermionic superpartners, corresponding to the 
space-time coordinates and the internal SCFT with central charge (22,9). 



In this case, B a becomes[71 



B a = Z torus JC a , Z torus = E Q P k p2R , (3.15) 



{Pl,P R )& (2,2) 
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with 



JCa = r/(r)- 4 Tr(i(-)^g^L -5/6-L -i/4 )(cg)=(20i6) _ (3 16) 



It is obvious from eqn.( [3.15| ) that the moduli dependencef^Df the threshold corrections is 
included in the term Z torus . To be precise, the exact form of the threshold corrections to gauge 
couplings is given |55| by the equation 

kn 



b (r ¥) = - y i-v^^f) 



Sttt 2 



(3.17) 



int 



Comparing the eqns. (|3.10|) and (|3.17 ) we notice the presence of the additional term —k a /87ir 2 . 
This term was included in the calculation of the threshold corrections in We will comment 
on this term in chapter four, where we will explain its connection to the universal term. 

The general form of the moduli dependent threshold corrections is 

a. = L 7 1 E W>*Sg{T, f) - j JX (3.i8) 

JY T 2 M JcalF T 2 

where the Zj^ r ^ s refer to the moduli dependent part of the N = 2 sector of the (g, h) orbifold 
invariant under the group SL(2, Z) as it happen for the decomposable orbifolds. The integration 
is over the fundamental domain JF of the inhomogenous modular groupf^] PSL(2, Z). 

The sum is over the N = 2 orbit of the orbifold sectors created by the N = 2 sectors. 

For non-decomposable orbifolds eqn.( |3.18| ) can be rewritten as 

— ^ o , 9o) (r,f)-6r 2 / - 

IF T 2 JT T 2 

Here, (g D , h ) denotes the set of twisted sectors which be created from the representative fun- 
damental element Z^ ,g ), by exactly those modular transformations which create the modular 
group of Z( ho ^ o ) from the fundamental region of PSL(2, Z). 

For non-decomposable orbifolds the moduli dependent sum in eqn.( |3.19| ) is invariant under 
the modular group but under some congruence of T, namely T (n) or T°(n). 

Here, T is the enlarged region defined as a left coset decomposition of the fundamental region 
F, namely T = UajjF. For the group r (p) the union U of transformations a^jF is represented 



Aa= E t°' 9o) l-^Z (ho , go) (r,r)-br 2 J^. (3.19) 



(g a ,ho)eO 



48 This dependence will be elaborated in section (3.6). 
For a definition see appendix A. 
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from the set of transformations [|1 09 1 



{1,S, ST,..., ST?- 1 }. 



(3.20) 



3.3 * Low Energy Threshold Effects and Physical Singularities 

In general, if one wants to describe globally the moduli space and not just the small field defor- 
mations of an effective theory around a specific vacuum solution, one has to take into account the 
number of massive states that become massless at a generic point in moduli space. This is a nec- 



essary, since the full duality group SO(22, 6; Z)? mixes massless with massive modes |44||. It hap- 
pens because there are transformations of 0(6, 22, Z) acting as automorphisms of the Lorentzian 
lattice metric of I^ 6 ' 22 ) = I^ 6 ' 6 ) © I^ 0,16 ) that transform massless states into massive states^. 

Let us consider the T 2 torus, coming from the decomposition of the T 6 orbifold into the form 
T 2 ©T 4 . The T 2 torus can be defined on a two dimensional lattice r^ 2 ' 2 ^ which is generated from 
the basis vectors e*i and e 2 ■ The metric = t\ ■ e 2 has three independent components, while 

def 

the antisymmetric tensor B = beij one. In total we have four independent real components which 
define the moduli of the string compactification on T 2 . The moduli can be further combined in 
the form of two complex moduli as U = jf|je 1 ^ and T = 2(6 + iA), with < / < n the angle 
between the basis vectors and A = \ \detG\ is the area of the unit cell of the lattice V. At the 



large radius limit It was noticed in [138] that in the presence of states that become massless at 



a point in moduli space e.g, when the T — > U , the threshold corrections to the gauge coupling 



constants receive a dominant logarithmic contribution ||1 38|| in the form 



A a (T,T) « b' a [ fl e - M2 ^ ^-6 a logM 2 (T), (3.21) 

where b a is the contribution to the /^-function from the states that become nassless at the point 
T — U. 

Strictly speaking the situation is sightly different. We will argue that if we want to include 
in the string effective field theory large field deformations and to describe the string Higgs effect 
114, 112 , 113 1 an d not only small field fluctuations, eqn.( 3.2lj) must be modified. 



50 Construction of effective actions invariant under the 0(6, 22, Z) duality group reproducing N — 4 low energy 
effective actions of the hcterotic string were constructed in [M . 
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We will see that massive states which become massless at specific points in the moduli space 
do so, only if the values of the untwisted moduli dependent masses are between certain limits. 
In [[138|| this point was not emphasized and it was presented in a way that the appearance of the 



singularity had a general validity for generic values of the mass parameter. We will complete 
the picture by giving more details on the exact behaviour of the contribution to the threshold 
corrections to the gauge coupling constants. We introduce the function Exponential Integral 

E 1 (z) 

roo g— * 

E 1 (z) = / — dt (\argz\) < vr), (3.22) 

J z t 

with the expansion 

oo / \n n 

E 1 (z) =-y-ln Z -J2 LX n- (3-23) 



n=l 



It can be checked that for values of the parameter \z\ > 1, the lnz term is not the most dominant, 
while for < \z\ < 1 it is. In the latter case [|106| 1 the Ei(z) term is approximated^] as 

E 1 (z) = —ln{z) + a 00 + a n z + a 22 z 2 + a 33 z 3 + a M z 4 + a 55 z 5 + e{z). (3.25) 
Take now the form of eqn.( |3.2l| ) explicitly 

A(z, z) = b' a [ dn I <tl e -MHT)r^ {3 26) 

J\t 1 \<1/2 Jt 2 >1 T 2 



Then by using eqn. (|3.22|) in eqn.( p.2^ ), we can see that the — b' a lnM 2 (T) indeed arise. 



Notice now, that the limits of the integration variable T\ in the world-sheet integral in 
eqn.( ^.2l| ) are between —1/2 and 1/2. Then especially for the value |1/2| the lower limit in 
the integration variable r 2 takes its lowest value e.g (1 — rf) 1 / 2 = (1 — (1/2) 2 ) 1 / 2 = ^/(3)/2. Use 
now eqn. (|3.23|) . Rescaling the r 2 variable in the integral, and using the condition < z < 1 



which is necessary for the logarithmic behaviour to be dominant, we get0 

4 
y/3a 



< M 2 (T) < -i-- (3.27) 



51 where 



a 00 = -.577 aio = 0.999 a 20 = -0.249 
a 33 = -0.551 a 44 = -0.009 a 55 = 0.001 (3.24) 



and e(z) < 2 x 10" 7 . 

52 Restoring units in the Regge slope parameter a'. 
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This means that the dominant behaviour of the threshold corrections appears in the form of a 
logarithmic singularity, only when the moduli scalars satisfy the limit M 2 < 4/(v3a'). 

We know that for particular values of the moduli scalars, the low energy effective theory 
appears to have singularities, which are due to the appearance of charged massless states in the 
physical spectrum. At this stage, the contribution of the mass to the low energy gauge coupling 
parameters is given by| |120| | 

M 2 -> -n H \T - p\ 2 , (3.28) 

where the i%h represents the number of states ipu which become massless at the point p. This 
behaviour is consistent with large field deformations of the untwisted moduli. It is obvious at 
this point that the behaviour of the threshold effects over the whole area of the moduli space 
can not consistently described by the behaviour of the latter equation. The singular limit of this 
expression T = p "can not be reached" 

Of course, and as a consequence neither can the enhanced symmetry point. The parameter 
(a'\/3/4)M 2 must always be between the limits zero and one in order that the contribution of 
the physical singularity to A become dominant. Therefore, the complete picture of the threshold 
effects reads 

1 h h M 2 1 A 

ifr = -Jr- + T^ ln ^^ - T7H A ^)| 2 " (" M2 + -^)b>gM 2 (T) (3.29) 

9aW 9 string 16?r M 16?r V3a' 

where G in eqn. ( |3.29| ) is the step function. The logarithmic contribution at this stage is actually 
the threshold effect of the contribution of the states which become light. Their direct effect on 
the low energy effective theory is the appearance of the automorphic functions of the moduli 
dependent masses, after the integration of the the massive modes. 

The same threshold effect dependence on the G function, takes place in Yang - Mills theories, 
via the decoupling theorem [|115|| . The contribution of the various thresholds decouples from the 
full theory, and the net effect is the appearance of mass suppressed corrections to the physical 
quantities. 

So far, we have seen that the theory can always approach the enhanced symmetry point 
behaviour from a general massive point on the moduli space under specific conditions. For 



53 When it is reached perturbation theory is not valid. This is a signal that new states become massless at this 
point. 
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" large" values of the moduli masses the enhanced symmetry point can only be reached if its 
mass is inside the limit fl3.27|) . Remember that at the point T = p eqn.( |3.29| ) breaks down, since 
at this point perturbation theory is not valid any more. The upper limit (|3.27| ) is in the strongly 
coupled regime of the perturbative cx-model coupling expansion parameter. 

The previous result is particularly important in view of the fast development of the subject of 
dualities in superstring theory, It should be noted that in the case of Calabi-Yau manifolds, the 



appearance of singularities in the target space can provide for the web of connectivity ||150| , |153|| 
through the entire moduli space. 

Interestingly enough the presence of the logarithmic term was confirmed in the calculation 
of the target space [|120|1 free energies for the massive modes and recently with an exact [|130|1 
calculation with the calculation of threshold effects from BPS states. An interesting example of 
the appearance of the singularity in heterotic strings will be described in the next section when 
a non-decomposable lattice is involved in the (2, 2) symmetric orbifold compactifications. 



3.4 * Target space automorphic functions from string compactifica- 
tions 

In this part of the thesis, we will discuss the contribution of massive moduli dependent masses 
of the heterotic compactification to the threshold corrections of the gauge coupling constants. 

In addition, we discuss the appearance of the extended non-abelian gauge group in particular 
Narain orbifolds, namely those that the internal lattice involved is a non-decomposable 
orbifold. Initially, we will be describe how the moduli dependence becomes visible in the mass 
operators, in untwisted subspaces of orbifold compactifications of the heterotic string. Later on, 
we will focus our attention to the calculation of the moduli dependent threshold corrections, 
coming from direct integration of the massive untwisted states of the compactification. 

For orbifold compactifications, where the underlying internal torus does not decompose into 
a Tq = T2 © T4 , the Z2 twist associated with the reflection —I2 does not put any additional 
constraints on the moduli U and T. As a consequence the moduli space of the untwisted subspace 
is the same as in toroidal compactifications. Orbifold sectors which have the lattice twist acting 
as a Z 2 , give non-zero threshold one- loop corrections to the gauge coupling constants in N = 1 
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super symmetric orbifold compactifications. 

When the heterotic string is compactified on a six dimensional torus, the physical states have 
their mass given by 

* M ^ NL + NR+ l (vl + n) -l, (3,0, 

where Vl(r) , ^l(_r) are the left and right moving momentum and number operators respectively. 
In addition, invarianceQ of the one-loop vacuum amplitude under the modular transformations 
T — > T + 1 gives the level matching constraint 

jM 2 L = N L + l -Vl-l = N R + \v\ = jM 2 R . (3.31) 

From the above equations we deduce 

—M 2 =V 2 R + 2N R . (3.32) 

For the calculations which we will describe in this chapter, we will need the moduli dependence 
of the mass operator. In order to display the moduli dependence! 55 ] of ( |3.32j ), we need the general 
form of the Narain lattice vector Vr in the presence of the Wilson lines as given in chapter two. 

This is manifestly exhibited by expressing Vr in terms of the quantum numbers of the 
Lorentzian Narain lattice r 2 2 ; 6 an d then projecting into an orthonormal basis. In the orthonor- 
mal basis, the untwisted moduli space factorizes into factors corresponding to the different twist 
eigenvalues. 

The Narain vector Vr of the untwisted sector of the N = 1 orbifold is then parametrized in 
the usual way| |107| ], by expressing it in terms of the 28 integer quantum numbers, namely the 
winding numbers n\ the momentum numbers rrii of the compactification and the charges qi of 
the sixteen dimensional Euclidean even-self dual lattice of the leftmoving current algebra. 

Initially, we project the momentum vectors 

P = q 1 ^ + n % + mjk j i = 1, . . . , 6 / = 1, . . . , 16 (3.33) 
54 This is equivalent to the argument to the following argument: in closed string theory, physical states must be 
invariant under global shifts in the space-like coordinate a of the world-sheet. The operator e l H L o-L a ) satisfies, 
U{x»(<t,t)U\ =xV(ct + \,t) which means that it generates translations in the world-sheet variable a. However, 
in closed string theory there is no distinguished point in the world-sheet. This condition forces us to define the 
condition [L — L )\phys >= or L a — L Q . 

55 In the following we will follow closely the article of ( |12C| ). 
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into the vectors = (Oie, 06, e M ) of the orthonormal basis of R 6 with the result 

( h ■ N 

V R = (q 1 , n\ rrij) 



(3.34) 



In this way, the norm of the right moving momentum factorises as 



V\ = v T $$ T v, 



(3.35) 



where^ 



and 



v T = (q^n^mj) e M(l, 28, Z) ~ Z 



28 



( Ij • e<*> \ 
h, ■ 



i -ae* \ 

DE* 
E* 



V 



e M (28, 6, R) 



which contains all the moduli dependence. Here A represents the Wilson lines namely 



(3.36) 



(3.37) 



A = (A Ii ) = (e I -A i ) GM(16,6,R), 



(3.38) 



while D is the moduli matrix in the lattice basis 



D = (Ai) = 2( B i:j - Gij - -AiAj) e M(6, 6, R) 



and the 6-bein of the dual lattice A* is 



(3.39) 



E* = (El 



e' ■ e„ . 



(3.40) 



With the heterotic string further compactified on an orbifold, the action of the twist on the 



moduli is subject to compatibility conditions |83], |108| , |111|| . These equations which are satisfied 
from the continuous parts of the metric, antisymmetric and Wilson line background fields are as 
follows: 



l)i/>l = OtDjk , A Tj = 6jA 



Jk- 



(3.41) 



56 



Here M represents a 1 x 28 matrix with integer coefficients. 
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The quantities Q\ and 6{ represent the twist action on the Tq.q and its dual, while 9i represents 
the action of the gauge twist in the gauge degrees of freedom of the Eg x Eg current algebra. 
The moduli variable $ satisfies^] the well known equation for the SO (22, 6) coset space 



(3.42) 



with H 2 2fi the pseudo-euclidean lattice metric^ of the Narain lattice r 2 2,6 

\ 



H. 



22. < 



/ n- 1 

°(16) 





V 










h 



h 





(3.43) 



The solution of the compatibility conditions ( |3.41| ) for the moduli in the orthogonal basis, 
results in the decomposition of the untwisted moduli space of the orbifold into factors corre- 
sponding to different twist eigenvalues. 

Following this procedure, we now factorize the moduli space into subspaces corresponding to 
the different internal and gauge twist eigenvalues. We perform the change of variables from the 
lattice to an orthonormal basis by 
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(3.44) 



creating the variable $ which exhibits no moduli dependence^]. In this form, the variable $ 
satisfies the equation 

$^ 22>6 <l = -J 6 (3.45) 



with 



22:i 



he 








h 





h 





(3.46) 



57 This means that the untwisted moduli space of the D = 4, N = 4 toroidal compactifications of the heterotic 
string is the coset space — so(22,6,) 



58 Here C, 



(16) 



SO(22)xSO(6) ■ 

is the Cartran matrix of E$ x E; 
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59 The quantities Tf and Tf are moduli independent and obey the relation : E\ = S{T» = Tf5^, with S a 
deformation matrix parameter connecting lattice to lattice(S'|) or orthonormal(5^) basis. 
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In this way, the component form of the <3> variable becomes block diagonal with factors corre- 
sponding to the different twist eigenvalues, namely 



while the mass operator factorises as V\ 



(3.47) 



,n ,rrij 



T v with 

^ 
7f 
If y 



V 



(3.48) 



The dimensions of the matrix variable <f>, depend on the multiplicities of the eigenvalues of 
the internal and gauge twists in their block diagonal form. Especially, for the subspace of the 
twists corresponding^ to the eigenvalue —1, the dimensions of the variable $ are (q + s, s). 

However, the coset space structure of the moduli space becomes obvious in the standard 
metric r]22-6, i.e (+) 22 (— ) 6 . The transition to this metric can be made obvious by an appropriate 
transformation Jl20 on the — ► variable and v — » v, in such a way that v T <j) = v T (j). The 
variable satisfies the equation 

T ^+2,20 = ~h, (3.49) 
while the introduction of complex variables as 

(3.50) 



V 0(1) + *0(2) / 



restructures the ( |3.49| ) equations into the constraint equations for the SO(q + 2, 2) coset, namely 



si 



Vq+2,2 



^ Vq+2,2 



0. 



(3.51) 



The direct result is that the mass takes the form 



v T (f)(pv = v T cj) c (f)lv = \v T (j) c 



(3.52) 



60 For the gauge twist, we assume an orthogonal decomposition into subspaces corresponding to the the complex 
eigenvalues e ±fcj and the real eigenvalues —1 and +1, with multiplicities Rj ,q,p correspondingly. For the internal 
twist, we assume an orthogonal decomposition into subspaces corresponding to the complex eigenvalues e ±Pj and 
the real ones — 1, +1. The corresponding multiplicities are assumed to be Qj,s,{; 
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The solution of the coset equations (|3.51|) eliminates the redundant degrees of freedom . By 



defining y G C q+4 the eqn's (|3.51|) become 



q+2 

E l^| 2 -|^+3| 2 -|y g+ 4| 2 = -2r (3.53) 



i=l 



E^ Vl - Vis ~ VU = 0- (3-54) 

Then e.g for the coset SO (4, 2)Q, the derivation of the mass operator for the untwisted 
subspace results from the solution of the the constraint equations with the ansatz 

y 1 = (B 1 + C 1 ), V2 = (B 1 -C 1 ) 

y3 = ±(T-2U), y A = - \(2TU - 2BC)) 

y 5 = i(T + 2U), y 6 = z(l + \{2TU - 2 BO)) (3.55) 

and 



Y = l -(T + T)(U + U)- l -(B + C)(C + B) (3.56) 



giving the mass formula 



_ M 2 = L_^. ( 3. 57) 



The general contibution ||120| , 111] to the mass formula for the Z 2 orbifold planeQ, 



p 2 R = \m 2 - iUrm + iTn 1 - (TU - BC)n 2 + nf^k^B + C) + r 2 f 2 {h){B - C)\ 2 , (3.58) 

where r±, r 2 G R and f'2{ki) functions of the gauge quantum numbers . The above formula 

involves perturbative BPS states which preserve 1/2 of the supersymmetries, which belong to 
short multiplet representations of the supersymmetry algebra. 

In the study of the untwisted moduli space, we will assume initially that under the action of 
the internal twist there is a sublattice of the Narain lattice T 2 2fi in the form I^ © I^ D T 22 -q with 
61 It is associated with the two dimensional torus lattice of the untwisted subspace of a Z2 orbifold, for 
which a two component Wilson line is turned on. The T2 is a sublattice decomposition of the Narain lattice as 

T2 + . . with the internal twist acting as — I2 on T2 ■ 

62 for a general twist embedding in the gauge degrees of freedom with k±, . . . , kd gauge lattice quantum numbers 

in the invariant directions. 
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the twist acting as — I2 on IV In the general case, we assume that there is always a sublatticep 3 ] 
r,j+2;2 © Tr+4;4 C ri6 ; 6 where the twist acts as — /<j+40 and with eigenvalues different than -I on 

Tr+4;4- 

In this case, the mass formula for the untwisted subspace T q+ 2-2 depends on the factorised 
form Pj, = v T (jxj) T v, with v T taking values as the row vector 

v T = (a 1 , . . . , a 9 ; n 1 , n 2 ; m\, m 2 ). (3.59) 

The quantities in the parenthesis represent the lattice coordinates of the untwisted sublattice 
Tg+2;2, with a 1 . . . a q the Wilson line quantum numbers and n 1 , n 2 , mi, 777.2 the winding and mo- 
mentum quantum numbers of the two dimensional subspaces. 

When Wilson lines are present, the variable = 0™ 1 satisfies the coset equation 



H q+2 ;2<p = -h- (3.60) 

The meaning of the previous equation is that the untwisted moduli space is that of an SO (q + 
2, 2)/ (SO(q + 2) x 5*0(2)) coset. For decomposable orbifolds with continous Wilson lines turned 
on, the untwisted moduli space is S o(^+2)xso{2) wnen ^ ne twist has two eigenvalues —1. 

Shortly, we will discuss the case of Z@ — lib non-decomposable orbifold. In this examplef 5 ] 
the untwisted moduli space is as before, i.e in the form 5*0(4, 2)/ (50(4) x 50(2)). The internal 
twist acting on the 6-torus has two eigenvalues —1. The action of the internal twist can be made 
to act as — I2 on a T2 by appropriate parametrization of the momentum quantum numbers. 

The moduli metric H q+ 2-2 in (|3.60|) is given by the matrix 



Hq+2:2 



I c~ x \ 

I 2 

V i 2 j 



(3.61) 



63 this does not correspond to a decomposition of the Narain lattice as T22-,s — ^ q +2-,2®- ■ ■ since the gauge lattice 
Ti6 is an Euclidean even self-dual lattice. So the only way for it to factorize as Ti6 = T q r r , with q + r = 16, 
is when q = r = 8. 

Vl-2:2 



64 on r„ 

65 in the case that the the untwisted subspace where the twist acts as — /„ 



66 with continous Wilson lines turned on 
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where the matrix variable <fi in (|3.59|) is a (q + 2, 2) matrix with integer values and C q 1 the lattice 
metric for the invariant directions in the gauge lattice^. 

Let us consider first the generic case of an orbifold where the internal torusQ factorizes into 
the orthogonal sum T§ = T 2 © T4 with the Z 2 twist acting on the 2-dimensional torus lattice. 
We will be interested in the mass formula of the untwisted subspace associated with the T 2 torus 
lattice. We consider as before that there is a sublattice of the Euclidean self-dual lattice r 2 2,6 
as T g+ 2,2 © r2o-g,4 C 1^22,6- in this case, the momentum operator factorises into the orthogonal 
components of the sublattices with (pl',Pr) C and (Pl\ Pr) C r 2 o- 9; 4 • And as a result 

the mass operator ( p.32j ) factorises into the form 



a' 



M 



p 2 R + P 2 R + 2N R . 



(3.62) 



On the other hand, the spin operator S for the T q+2] 2 sublattice becomes 



fi-pk = 2(N R + l-N L ) + -Fi 



-Pi = 2n T m + b T Cb, 



(3.63) 



where C is the Cartran metric operator for the invariant directions of the sublattice T q of the 
Ti6 even self-dual lattice. The spin S can be expressed more elegantly in matrix form as 

1 



pi 



Pi 



-u T rju, 



(3.64) 



where 



u 



/ b \ 

n 

\ m J 



and rj 





h 



C q ^ 



h 




(3.65) 



Let us now consider the Z^ — IIb orbifold. For this particular orbifold we will discuss a number 
of issues. In particular, gauge symmetry enhancement and calculation of the modular orbits 
resulting in the generation of the non-perturbative superpotential. This orbifold is defined on the 
torus lattice SU(3) x 5*0(8) and the twist in the complex basis is defined as 9 = exp(2, —3, 1 



, 2ni 



67 Compatibility of the untwisted moduli with the twist action on the gauge coordinates comes from the non- 
trivial action of the twist in the gauge lattice. This means that that the untwisted moduli of the orbifold have to 

the equation M A = A Q, where Q ,A and M represent the internal, Wilson lines and gauge twist respectively. 
68 at the end of this discussion we will comment on the difference of the mass operator for the non-factorizable 
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The twist in the lattice basis is denned as 



Q 



V 






-1 














1 


-1 























1 


-1 


-1 








1 


1 


-1 


-1 











1 


-1 














1 





-1 



(3.66) 



This orbifold is non-decomposable in the sense that the action of the lattice twist does not 
decompose in the orthogonal sum T 6 = T 2 © T 4 with the fixed plane lying in T 2 . The orbifold 
twists G 2 and 4 , leave the second complex plane unrotated . The lattice in which the twists 
G 2 and 4 act as an lattice automorphism is the SO(8). In addition there is a fixed plane which 
lies in the SU(3) lattice and is associated with the 3 twist. 

Consider now a k-twisted sector of a six- dimensional orbifold of the the heterotic string 
associated with the twist 9 k . If this sector has an invariant complex plane then its twisted sector 
quantum numbers have to satisfy 



Q k n = n, Q* k m = m, M k l = I, 



(3.67) 



where Q defines the action of the twist on the internal lattice and M defines the action of the 
gauge twist on the Eg x Eg lattice. In general, if E a , a — 1, 2 is a set of basis vectors for the fixed 
directions of the orbifold^ and // = 1, . . . , d is a set of basis vectors for the fixed directions 
in the gauge lattice then the momentum and winding numbers for the invariant directions of the 
twisted states, are found to have the general form 



P = rhiEi + m 2 E 2 , L = h 1 E 1 +n 2 E 2 , (mi,m 2 ,ni,n 2 E Z), 

def 



(3.68) 



with E 1: E 2 particular linear combinations of the dual basis e* and E a ■ Ef, = p a ^. This means 
that with 

/ 

in i \ ii i 

(3.69) 



n 




m 




I 




(>!) 



assuming that the internal lattice has basis vectors e^, i = 1, . . . , 6 and dual e* with e* • e.- L = Si 
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the momenta take the form 



m 



P'l = (P Y + 



-A^A^n - l -A\Cj, l + A ± h) = (p' L , p' R ) 



P'r 



Pit +( g J 



B ± + ^C±A x )n 



1 



A t ± Cj,0) = (p' R , 0). 



(3.70) 



(3.71) 



Here p is the p a b matrix, C± is the Cartran matrix for the fixed directions and A± is the matrix 
for the continous Wilson lines in the invariant directions i = 1,2, I = 1, . . . ,d. G± and B± are 
2x2 matrices and n, ml are the quantum numbers in the invariant directions. 

(i o) 

For the Z^ — IIb orbifold, p = \ In addition, the values of the momentum and winding 

1° 3 ) 

numbers parametrizing the 8 2 subspace are 

/ \ 




w 



n 




1 2 

n — n 



V 



rr 



with n l ,n 2 e Z ,p 



J 






mi 
—mi 

m 2 

\ K mi-m 2 j 



with nil, m 2 £ Z. 



The mass formula [|120| , |132|| for the G subspace reads 



m 



E h\~ TU'n 2 + iTn 1 - iU'm x + 3m 2 \ 2 u , =u ^ 2l = \M\ 2 /(Y/2), 

Tii .mo I 



(3.72) 



(3.73) 



with 



Y = (T + T)(U + U). 



(3.74) 



The quantity Y is connected to the Kahler potential, K = — log Y . The target space duality 
group is r°(3) T x r°(3)tfi where U' = U - 2i. 

In eqns ( P . 62| , |3 . 63| , |3T64]) , we discussed the level matching condition in the case of a T 6 orbifold 
admitting an orthogonal decomposition. Mixing of these equations gives us the following equation 



pi _ —M 2 = 2(1 -N L - -Pi) = 2n T m + q T Cq. 



(3.75) 



The previous equation gives us a number of different orbits invariant under SO(q + 2, 2; Z) 
transformations : 
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i) the untwisted orbit with 

2n T m + q l Cq = 2. (3.76) 
In this orbit, Nl = 0, P'l — 0. When M 2 = 0, this orbit is associated with the "stringy Higgs 



effect" . The " stringy Higgs effect appears as a special solution of the equation (|3.75|) at the point 
where p 2 L = 2, where additional massless particles may appear. 

ii) the untwisted orbit where 

2n T m + q l Cq = 0. (3.77) 

Here 2Nl + P 2 = 2. This is the orbit relevant to the calculation of threshold corrections to the 
gauge couplings, without the need of enhanced gauge symmetry points, as may happen in the 
orbit i). 

iii) The massive untwisted orbit with 

2N L + P 2 L >A (3.78) 

Here always M 2 > 0. 

Let us now consider^] the modular orbit |120fl associated with the 'stringy Higgs effect'. 



It corresponds to certain points in the moduli space where singularities associated with the 
additional massless particles appear and have as a result gauge group enhancement. This point 
correspond to T = U with m 2 = n 2 = and m 1 — n 1 = ±1. At this point the gauge symmetry 
is enhanced to SU(2) x £7(1). In particular, the left moving momentum for the two dimensional 
untwisted subspace gives 



Pi = ^jJ-\ fUn i ~ lfn ^ ~ lU ' m ^ + 3m 2| 2 = 2, (3.79) 



while 

Pr 



2 - ' 1 TU'n 2 + iTn 1 -iU'm 1 + 3m 2 \ 2 = 0. (3.80) 



2T 2 ^ 

At the fixed point of the modular group r°(3), ^(l+iV3), there are no additional massless 
states, so there is no further enhancement of the gauge symmetry. 

We will now describe the calculation of threshold corrections from the target space free 
energies of the massive untwisted states. In quantum field theory, when we are interested in 

70 for the orbifold Z 6 - lib 
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the calculation of the effective lagrangian, then we have to deal with the generator of the 1PI 
Feynman diagrams^, the generating function T. In general, if our theory contains a number of 
fields, including light fields and heavier fields then the effective action f for the light fields 
0, is the sum of the 1PI Feynman diagrams with respect of the light fields <fi. In other words, 
the effective action in this case, is given by 



e~ r = j [d$]e- J (*'*> (3.81) 

where the "superheavy" fields $ are "integrated out". The previous quantity e _r , is known to 
be related to the topological free energy^ through the definition 

e~ t = e F (3.82) 

For example from the definition of the bosonic free energy, by expansion, we get 

e F C"™ ) = f [£>0]e^ M ^ + - (3.83) 



Here the ellipsis represent the usual derivative expansion terms of the effective action i.e igj^ 
and higher order terms. The action T contains an infinite number of non-renormalizable 
interactions [|121|1 , suppressed at energies E « by powers of 



The fermionic free energy - for supersymmetric backgrounds coming from the integration of 
massive fermions - is defined as the negative of the bosonic free energy 



fermionic 



logdetM^M. (3.84) 



Here M represents the fermionic mass matrix. Working in this way, we define the free energy 
as the one coming from the integration of the massive compactification modes, i.e. Kaluza-Klein 
and winding modes. We exclude non-compactification modes like massive oscillator modes. In 
this sense, the free energy is topological ||132j , |6?ll . 

Of particular importance to us, will be the calculation of the non-perturbative superpotential. 
We will calculate it, through its identification with the target space free energy coming from the 
71 Feynman diagrams that cannot become disconnected by cutting off one of their internal lines. See for example 
[?]■ 

72 There is a distinction between bosonic or fermionic free energy, depending on whether the functional integra- 
tion is over bosonic or fermionic states $ respectively. 
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massive compactification modes. In particular it was argued [|132|1 , that the target space partition 
function Z, defined as 

\W\ 2 

Z = e-Ffermionic = —det(M^M) = - i y L , (3.85) 

when appropriately regularized! 73 !, provides us with the non-perturbative superpotential coming 
from the integration of the massive chiral compactification modes. 

Here M is the mass matrix of all chiral masses of the particles involved in the compactifi- 
cation process and Y is connected to the Kahler potential K, via the relation K = — logy(see 
eqn.( [3.74T )). For the two-dimensional toroidal compactification with moduli space SO(2, 2) / SO(2) x 



5*0(2) and modular group SL(2, Z), the topological free energy is equal to F = J2mom. and wind, numbers l°g ^ 
where M+M = (M 2 /Y) and M = \ - TUn 2 + iTn 1 - iUm 1 + m 2 \. 

In this way, the non-perturbative superpotential is identified as 

W = detM (3.86) 

Here W is the mass matrix M. of the chiral masses of the compactification modes. 

Especially, for the case where the calculation of the free energy is that of the moduli space 



of the manifold S o{2)xso{2) ' m a factorizable 2-torus T 2 , the topological ||132|| bosonic free energy 



is exactly the same as the one, coming from the string one loop calculation in ||71|| . 

We will describe now the low-energy behaviour of the N = 1 orbifold string effective field 
theory. 

Recall the general form of the bosonic non-local effective lagrangian in four- dimensions, up 



to two space-time derivatives [255, 71 



£*ft = 2^ + [im) ab b + i W^ F ^ u b + + v ^ ] - (3 - 87) 

The matrices g~ h 2 (4>) and 6 Q t(0) are field dependent inverse gauge couplings and vacuum 
angles respectively, Gij = 9 ,with K((fi,(j)) the Kahler potential, is the metric on the Rie- 
mannian manifold of the scalar fields, V is the scalar potential, and R is the scalar curvature of 
the space-time metric G^ u . 



73 



We comment on the regularization procedure after relation (3.94) 
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If the low energy theory is that of a D = 4, N = 1 sup er gravity [|2 5 5|] , then it is completely 



determined from the knowledge of three functions, namely the Kahler potential, the superpoten- 
tiaQ and the gauge kinetic function f. The latter is defined as 

Ui)=(^A (3-88) 

and it has to be a holomorphic function of the complex coordinates <fi of the Kahler scalar 
manifold. For N — 1 supersymmetric orbifolds the dependence on the complex scalar coordi- 
nates arises from the moduli fields, defined later. The study of the f a b function is particularly 
important, in view of the fact that its derivatives are involved in various non-renormalizable 
interactions^ 

A general problem of a quantum field theory that involves massless particles [fn]] appears 
when we expand the Wilson's effective action 1PI diagrams, in terms involving a power series in 
particles momenta. Because the radius of convergence of the series is that of the lightest particle, 
if there are massless particles the radius is equal to zero. In this case, there is no local effective 
lagrangian, and the effective renormalized gauge couplings l/g 2 {p 2 = 0), cannot be defined. 

However, by studying the running gauge couplings (Jq^-^ at some off-shell momentum p 2 ^ 0, 
this problem is avoided and the p 2 = limit can be reached. For this reason, the supersymmetric 
one loop graph involving two gauge fields and one scalar field, with charged fermions contributing 



in the loops, gives the following relations |7T| between the gauge coupling constants and the 
effective axionic couplings at one-loop 



Stt 



yrlij --'Ufj -- Tr { Q 'W, Ml MM^O V ) )- < 3 - 89 > 

Here Q a is the generator of the gauge group a. Furthermore, as matter as it concerns the 
integrability conditions, the following relations hold [fnH : 

i) the integrability condition for the running axionic couplings^ 

Q «V ; < 4> >) ©a Ap 2 ; < i >) ( 3 - 90 ) 



74 Their effect on the physical parameters will become obvious in chapter five. 

75 A number of f a b(4>) derivatives, contributes to the effective superpotential which may cause supersymmetry 



breaking, through formation of gaugino condensates [1 22 1. 

76 The subscripts denote derivatives with respect to moduli fields, namely <d a i = -JttQ c 
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is satisfied only in the p 2 = limit. This means, that there is no well defined running axionic 
coupling off-shell. In general, integrability is retained for p 2 « mass 2 of the lightest charged 
fermion, bearing in mind that the gauge symmetry must not be chiral(there must not be massless 
fermions) in order for the M^M matrix to be invertible. 

In the p 2 = limit 

(0a)^=o) = —Tr(Q 2 a Im logM) + constant = 8n 2 Imf a . (3.91) 

For QCD the above relation becomes the 9 angle, 6 = ArgDet(M quark ) . 

ii) As a result of the non-integrability of the axionic G couplings, the one-loop corrections to 
the gauge couplings are non-holomorphic. 

By further integration of ( |3.89 )-at the infrared limit p 2 = limit- we obtain 

16tt 2 (g- 2 ) = -tr(log(g^M t M)) + constant. (3.92) 
Here M is the field dependent mass matrix for the charged fermions. 



The equation (|3.92|) is the supersymmetric version of Weinberg's formula| 121 | for the one-loop 
gauge coupling constants. 

The stringy version of the Weinberg's formula for the one-loop correction to the gauge cou- 
plings constant may comeQ from the relation 

= £„ JogM 2 d = f V JogM + V tog Alt. (3.93) 



We will now use eqn. (|3.93|) to calculate the stringy one-loop threshold corrections to the gauge 
coupling constants coming from the integration of the massive compactification modes with 
(rn,m',n,n') ^ (0,0,0,0). The total contribution to the threshold corrections, coming from 
modular orbits associated with the presence of massless particles, is connected with the existence 
of the following^ orbits PI [120 



I reg 



A o = J2 2ntm+qTCq JogM\ 
A i = E 2ntm+q r Cq JogMU (3.94) 



7 The same relation was used in the calculation of the threshold corrections as target space free energies in 



|20|. 

78 We calculate only the J^logA'J since the ^2\ogA4^ quantity will give only the complex conjugate. 
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In the previous expressions, a regularization procedure is assumed that takes place, which 
renders the final expressions finite, as infinite sums are included in their definitions. The regu- 
larization is responsible for the subtraction^ of a moduli independent quantity from the infinite 
sum e.g J2 n meorbit^°gM. We demand that the regularization procedure for exp[A] has to respect 
both modular invariance and holomorphicity. 

In eqn.(|3.9-3D, Aq is the orbit relevant for the stringy Higgs effect . This orbit is associated 



with the quantity 2n T m + q T Cq = 2 where n T m = min 1 + "im^n 2 for the Z§ — lib orbifold. 
This specific orbit will be used as well, in the second part of the thesis, to discuss the threshold 
correction contribution to the gravitational couplings from the point of view of extended gauge 
group enhancement. 

The total contribution^ from the previously mentioned orbit is 

A o«y" T ^ 2 log.M = V T log.M+ V log.M+ 

* — 'n 1 m+q z =l — 'n 1 m=X,q 1 Cq=0 ' — ' 

n T m=0,q T Cq=2 

J2 \ogM + ... (3.95) 

n T m=— l,q T Cq=4: 



We must notice here that we have written the sum |120|1 over the states associated with 
the SO (4, 2) invariant orbit 2n T m + q T Cq = 2 in terms of a sum over r°(3) invariant orbits 
n T m = constant . We will be first consider the contribution from the orbit 2n T m + q T Cq = 0. We 
will be working in analogy with calculations associated with topological free energy considerations 



From the second equation in eqn. (|3.94j) , considering in general the 5*0(4,2) coset, we get 
for example that 

Ai oc J2 log-M= logM+ V \ogM + ... (3.96) 

n T m+q 2 =0 n T m=0,q=0 n T m=—l,q 2 =l 

Consider in the beginning the term J2 n T m=o,q=o log A^. We are summing up initially the orbit 
with n T m = 0;?i,m^0, i.e Ai 

Ai = 3m2 — ini\XJ' + in l T + n 2 (—U'T + BC) + q dependent terms. (3.97) 



79 More details of this precedure can be found in [ 132 1 . 

80 We use a general embedding of the gauge twist in the gauge degrees of freedom. 
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We calculate the sum over the modular orbit n T m + q 2 = 0. As in [|120| we calculate initially the 
sum over massive compactification states with qi = q2 = and (n, m) ^ 0. Namely, the orbit 

J2 logM= lo g( 3m 2 - imtU' + iniT + n 2 (-U'T)) 

n T m=0, q=0 (n,m)^(0,0) 

+ BC E 7^ . rp Jfi^ + 0{{BCf). (3.98) 



The sum in relation ( |3.98|) is topological(it excludes oscillator excitations) and is subject to the 
constraint 3m 2 n 2 + min 1 = 0. Its solution receives contributions from the following sets of 
integers: 

in 2 = r x r 2 , n 2 = sis 2 , m 1 = -3r 2 s 1 , n x = ris 2 (3.99) 

and 

m 2 = r x r 2 , n 2 = SiS 2 , m x = -r 2 s 1 , n x = 3r 1 s 2 . (3.100) 

So the sum becomes, 

E log(3m 2 - irriiU' + imT - n 2 U'T) = ^ log (3(r x + is l U')) x 

n T m=0 (ri,si)^(0,0) 

X! log(r 2 + is 2 |)+ J] i og 3(n + isi^-) X! log(r 2 + zs 2 T) (3.101) 



Substituting explicitly in eqn. (|3.98]) , the values for the orbits in equations ( |3.99| ) and ( |3.100| ) 
together with eqn.( |3.10"T|) , we obtain 



E iog-M = log Q*r 2 (^V 2 (f )) + log f^~ 2 (y)*r 2 ( T )) + 

n T m=0;(jr=0 V / 

bc\ E , r g J { E ^HII+°^ 2 ) ( 3 - 102 ) 



Notice that we used the relation 



E log 3 = log ^ (3.103) 

(r llSx )#(0,0) d 
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with E(r ljSl )^(o,o) = -!■ We substitute E( n , Sl )^(o,o) = E' an d E(r 2 , S2 )^(o,o) = E"- Remember 
that E log(ti + U2T) = log r]~ 2 (T), with r/(T) = exp~&~H n> o(l — exp~ 2nnT ) This means that 
eqn. fl3.102l ) can be rewritten as 

iog„ rm=0;(? =oiog^ = log (v~\u f ) v - 2 (^)(^j +io g (^- 2 (y)>r 2 Co) + 

-BC ^d u/ ^og(r 1 +is 1 U')j ^ T ^log(r 2 + is 2 |)^j 
-BC ^^E lo g(n+*siy)j ^^log(r 2 + is 2 T)^j + 0{{BC) 2 ) (3.104) 



Finally, 



E log.M = log (f 2 (T)f 2 (^))(M + log (r 2 (^')r 2 (|)^) " 

n T m=0; g=0 V ' 

-BC ^(a T logr / - 2 (T))(^logr 2 (y)) + (9 T logr ? - 2 (|))(^logr / - 2 (f/0)) + 

+ 0((BC) 2 ) 



(3.105) 



So 



E \ogM=\og[(r\T)\r 1 - 2 ^)\(l- BC(d T \ogrf(T)) x 

n=0;?=0 V d 6 > 

(^logr/ 2 (y))] +log[((r 2 (^)^)r 2 (f))(l-5C'(9 r log x 

^ 2 (f))(^logr/ 2 (f/')))] +0((5C) 2 ) 



(3.106) 



or 



E log^ = log[(V 2 (T)^r 2 (y)) (1 - 4 BC (d T \ogrj(T)) x 

n T m=0; q=0 \ ' 

(^log^y))] +log[i((r ? - 2 (f/'))r 2 (|))(l-4 J BC(9 T log x 
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V^WulogviU')))} +0((BCf 



(3.107) 



The last expression provides us with the non-perturbative ||132| , |120|| generated superpotential 
W, by direct integration of the string massive modes. In fact ||120|| the corresponding expression 
for the decomposable orbifolds, was found to be the same as the expression argued to exist in 



236|| , for the non-perturbative superpotential. The latter was obtained from the requirement 
that the one loop effective action in the linear formulation for the dilaton be invariant under the 
full SL(2, Z) symmetry up to quadratic order in the matter fields. In exact analogy, we expect 
our expression in eqn.( |3.106| ), to represent the non-perturbative superpotential of the Zq — lib 
orbifold 81 . The contribution of this term could give rise to a direct Higgs mass in the effective 
action and represents a particular solution to the [i term problem. In (2, 2) compactifications of 
the heterotic string, a superpotential mass term in the form fi a ^D a E^ is generated [|236|1 in the 
observable sector below the supersymmetry breaking scale. Here, D a , correspond to singlet 
superfields(moduli), which are in one to one correspondence with the 27, 27 supermultiplets of 
matter fields of the Eq x E 8 gauge group. The dependence of the \i term on the non-perturbative 
superpotential appears through the relation 



G/2 W DE , (3.108) 



fx oc e 

where Wde e.g represents the quantity 

= ^L^log^Tll^log/)) (3.109) 

V K 1 )V KIT) 6 6 

and transforms correctly under the required modular transformations. Here, G is the gauge 
kinetic function. More details on the [i term generation can be found in chapter 5. 

The exact form of the non-perturbative superpotential for the Z G — IIb orbifold is given by (see 
chapter 5) 

We- 35 / 26 = [ (rr 2 (T)(i)rr 2 (y))(l - BC {d T log r? 2 (T))(cV log \ x 
ri 2 ^)))W + [(r 2 (^')(r 2 (|))^)(l- BC ((d T \og V \T)) x 



81 Further discussion of our results and related matters will be presented in chapter 5, which is related to 
supersymmetry breaking mechanisms in string theory. 
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(^logi^(y)))]W + 0((BC) 2 ) 



(3.110) 



where S is the dilaton and b the j3 function of the condensing gauge group, and W depends on the 
moduli of the other planes,e.g the third invariant complex plane, when there is no cancellation 
of anomalies by the Green-Schwarz mechanism. 

We will see later in chapter five that the exact form of the induced, /x-term, depends explicitly 
on the details of the non-perturbative generated superpotential we propose. 

We have calculated the topological free energy, as a sum of the effective theory of the massive 
compactification modes. Alternatively, the previous calculation could be performed directly at 
string theory level. The general result for a vacuum associated with D compactified coordinates 
, is that the free energy is the ratio of ||132|| the world-sheet determinants of the d k d k operator for 
the D-dimensional space R D and the D-dimensional internal space M D . Explicitly 

d 2 r ( (detd k d- k ) RD 



r{Imrf \V(R D )(detd k &, 



1 . (3.111) 



k)M D 



We turn now our discussion to the contribution from the first equation in ( |3.94| ) which is 
relevant to the stringy Higgs effect. Take for example the expansion ( |3.95 . Let's examine the 



first orbit corresponding to the sum A = En T m=i g=o log -M . This orbit is the orbit for which 
some of the previously massive states, now become massless. At these points the A 0i o has to 
exhibit the logarithmic singularity. In principle we could predict, in the simplest case when the 
Wilson lines have been switched off the form of Ao,o- The exact form, when it will be calculated 
has to respect that that the quantity e A °'° has modular^] weight —1 and reflects exactly the 
presence of the physical singularities of the theory. At this point it is appropriate to introduce 
the quantity oj{T) where oj{T) is given explicitly by 

U(T) = ( W )12 (3 ' 112) 

and represents the Hauptmodul for r°(3), the analogue of j invariant for SL(2, Z). It is obviously 
automorphic under r°(3) and possess a double pole at infinity and a double zero at zero. It 



82 This point was not explained in [ 120 1 but it is obvious that it corresponds to the superpotential and thus 
transforming with modular weight —1. 
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is holomorphic [p67l1 in the upper complex plane and at the points zero and infinity has the 
expansions 



at oo and respectively with t = e~~ 2nT . 
For A ,o we predict 

A 0)0 oc(u;(T)-£<;(l7')) 7 x... 



(3.113) 



(3.114) 



In full generality, the Hauptmodul functions for the T°(p) are the functions ||1 09 



(3.115) 



Here, p=2,3,5,7 or 13 and r = 24/ (p — 1). For these values of p the function in eqn. (|3.115|) 
remains modular invariant, i.e it is a modular function. 

The corresponding functions for the group T (p) are represented by the (^^y) r . 

A ,o= Yl ^ogiTU'n 2 + Tn 1 - U'm x + 3m 2 ) = \og{(u(T) - uj(U')fr){T)- 2 



n 1 m=l 



xr,(U'/3r 2 } + log{(u;(T)-u;(U')r V (T/3r 2 V (UT 2 + ••• 



(3.116) 



The behaviour of the A term reflects theQ fact that at the points with T = U, generally 
previously massive states becoming massless, while the rj terms are needed for consistency under 
modular transformations. Finally, the integers £, \ have to be calculated from a string loop 
calculation or by directly performing the sum. 

After this parenthesis, we continue our discussion by turning on, Wilson lines. When we turn 
the Wilson lines on, for the 5*0(4,2) orbit of the relevant untwisted two dimensional subspace 
A ,o becomes 

A ,o= Yl log{3m 2 -imiC/ + imT - n 2 {UT - BC)} (3.117) 

n T m=l 



83 in the following we will be using the variable U instead of U'. 
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The sum after using an ansatz similar to [120 and keeping only lowest order terms has the 
form 



A ,o = log (uj(T) — uj(U) + BC X(T, U))^ + log (r)(T)~ 2 r](U /3)~ 2 + BC Y(T, U)^ 

+ \og{r](T/3)~ 2 r](U)- 2 + BCW(T,U)) + ... (3.118) 
The functions X(T, U),Y{T, U), W(T, U) will be calculated by the demand of duality invariance. 



Demanding invariance ||236|| of the first term in (|3.118|) under the target space duality trans- 



formations which leave the tree level Kahler potential invariant 

B - , _f . , f P = 0mod3, (3.119) 
ryl/ + o vyu + o 

we get that X(T, U) has to obey - to lowest order in B C - the transformation 

u{T) - U (U) T °^ u uj(T) - u(U) - i 1 co(T)'. (3.120) 

As a consequence 

X(T, U) T °^ u (ijU + 5f X(T, U) + z 7 (i 7 l7 + 5) (3.121) 

In the same way, demanding invariance under T°(3)t transformations we find that X(T, U) 
has to transform as 

X(T, U) V °^ T (* 7 T + 5f X(T, U) - i 7 (i 7 T + 6) u'(U). (3.122) 



Because, the first term in ( |3.118| ) has to exhibit the logarithmic singularity at the point 



T = U, X(T, U) in turn has to vanish at the same point. All the previous mentioned properties, 
are properly exhibited from the function 

X(T, U) = ^{logr/^)} w'(T) - d T {log V %^)} u'(U) + 

(3{u(T) - u(U)} V ^) V ^) + 0((BC) 2 ) (3.123) 

The /3 is a constant which may be decided from a loop calculation. The exact calculation of the 
threshold corrections involving the presence of the logarithmic term may come from a calculation 
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similar to the one performed in ||130 |. Let us discuss now the term Y(T, U). Demanding the term 
r](T)~ 2 f](U/3)~ 2 + BC Y(T,U) to transform under the T°(3)u transformations of eqn.( |3.ir9"| ) 
with modular weight —1, gives that Y(T, U) has to transform 



Y(T,U) 

Under T°(3)t, Y(T, U) has to transform as 
Y(T,U) 



(i^U + 5)Y(T, U) + i^U + 5) V (jy 2 (d TV - 2 (T)). 



r °i^ (frU + 5)Y(T, U) + iry{vyU + 6)(d uV (j)- 2 ) V (T)- 2 . 



The following function satisfies all requirements up to order (BC) 2 , 

Y(T,U) = -V^T^-^idTlog^imdulogv 2 ^)) + WCZV(|) 

+v 2V \T) V \U). 



(3.124) 



(3.125) 



(3.126) 



The transformation behaviour under the proper modular transformnations is not enough to 



determine the constants V\ and t> 2 . They may be decided from a string loop calculation [|130|| . In 
a similar way, demanding the term i](T /3)~ 2 r](U)~ 2 + BCW(T, U) to transform with modular 
weight —1, we find that W(T, U) has to transform as 



and 



W{T, U) 



W{T, U) 



r°(3h 



W{T, U)(i>yU + 6)+ ll (d T r l - 2 (\))r 2 (U) ) 



W{T, C/)(z 7 T + 5)+ il{dur 2 {U))r 2 {%) 



The following function satisfies the requirements of eqn. (|3.127|) and ( [3.128D , 



W = -^ 2 (^)r ] - 2 (U)(d T \ogr ] 2 (^))(d u \ogr ] 2 (U)) + X 1 ^) 

xr,\U)+\ 2 r, 4 (T)r,\U), 



(3.127) 



(3.128) 



(3.129) 



where Ai, A2 will be decided from the string loop calculation similar that in [130] 



3.5 * Threshold corrections to gauge and gravitational couplings 
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3.5.1 * Threshold corrections to gauge couplings 

Let us now complete our previous discussions, by considering the contributions of gravitational 
threshold corrections due to the integration of the massive modes of the heterotic string. We 
will be concentrating our discussion on (2, 2) symmetric non-decomposable orbifolds for which 
an explicit calculation of moduli dependence of the threshold corrections to the gauge coupling 
constants exists. 

We will analyze the case of gravitational threshold corrections in the case of N = 2 het- 
erotic string compactifications , up to one loop and for the case of non decomposable orbifold 
compactifications of the heterotic string. Before we examine the threshold contributions to the 
gravitational threshold corrections, we will study their effect on the gauge coupling constants. 
It will help us to understand properly the connection between the calculation of the free energy 
we performed before, and the the effective gauge couplings. 

When considering an effective locally supersymmetric field theory, we have to distinguish 
between two kinds of renormalized physical couplings involved in the theory. These are the cut- 
off dependent Wilsonian gauge couplings and the moduli and momentum dependent effective 
gauge couplings (EGG) ||296|| . 

Let us follow a field theoretical approach for the calculation of contributions of the physical 
modes of our theory to the effective gauge couplings. We demand our physical theory at the high 
energy threshold, to be a product of several gauge groups namely G = ®G a . Then, the one loop 
corrected effective gauge couplings obey the following formula 

1 ka b M\ A a A a 

+ TTT^log^ + — ^ + t7tt> (3.130) 



g 2 a (j> 2 ) g 2 a (M 2 x ) 16tt 2 to p 2 16vr 2 16tt 2 
when^ 

A a = [-2Y,T a (r)logdetg r )+c a K}. (3.131) 

i 

In the formula (|3.130|) which is valid at energies p 2 <C M\, we have tacitly assumed that the 
light particles of the theory are exactly massless, while the massive charged fields decouple at 
the high energy threshold M\. 



N-l 



For convinience, we will set the Kac-Moody level equal to one. 
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Here, the N = 1 (3 function coefficient is given by b a = —3c(G a ) + Ew^a^u), where c(G a ) 
is the quadratic Casimir of the gauge group and the sum is over the massless charged chiral 
matter superfields transforming under the representation r w of the gauge group G a . In addition, 
c a = (—c(G a ) + XL^a( r w)) an d T a {r) is given by Tr(TgT£) = S^ u T a (r), where is the generator 
of the gauge group G a and the sum is over massless fermions transforming under G a . Finally, 
K is the Kahler potential of our low energy theory and g r is the cx-model metric of the massless 
subsector of the charged matter fields transforming in the representation r of the gauge group. 

The contributions A of the threshold corrections describe the tower of massive modes that 
decouple^] at the high energy threshold Mx- The non-holomorphic threshold contribution of 
the term in the brackets comes from the contributions of the Kahler and a model anomalies. 
Its contribution to the four dimensional effective one-loop string action is associated to triangle 
diagrams involving two [|136| , |137| , |34| , |86fl gauge and moduli fields as external legs while massless 



particles running in the loops. The a model anomalies are similar to the local gauge anomalies 
but now one of the external legs of the triagle diagram is a composite a model connection or a 
Kahler connection. In the cr-model description ||255| , |133|| of N — 1 supergravity, fermion kinetic 



terms 



^gah-fd^ + % -Ref ab X a ^d,X b (3.132) 



r Kahler 
ft 



are accompanied by the interaction terms 

+ (^gij^Ljl^d^ Li (-iT ik id^z k ) + h.cj , (3.133) 
with the cr-model connection is given by Tijk = ■Srrgkm and the Kahler connection is given by 



^^(0,0)^ - JLK(4>,&d^ 



(3.134) 



The composite Kahler connection is analogous to K(<fi,(j)) ancQ couples to gauginos Xl as 
well to chiral matter fields ipL = A a (r u ). It's presence is a reflection of the tree level invariance 
of the theory under Kahler transformations. 

85 In N=l orbifold compactifications the high energy threshold coincides jnj |53| with the string unification scale. 
86 Here K(<f>, </>) represents the moduli field dependent part of the Kahler potential. Of course, we concentrate 

our discussion in the N = 2 sectors of the N — 1 (0, 2) orbifold compactification of the heterotic string. 
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The contributions from the Kahler and a model connections lead to the following one-loop 
modification of the tree level supersymmetric non-linear a- model moduli Lagrangian: 

Cnon-local = £ / d 2 9~W a W a {S - 

( [c(G a ) - £ T(r u )]K(<p, $) + 2 £ T(r u ) log detK^, $) ) } + h.c, (3. 135) 

with K a/3 (A, A) the KahleiQmetric of the matter fields, the chiral superfield W a d = -(l/4)~DDe~ v D a e v 
and V is the vector superfield^. In this form the general field theoretical contribution to the 
threshold corrections appears to be 

1 1 b a M 2 A a 

+ 77 9 log n~ + ~rp, 9 (3. 136) 



9lip 2 ) 9 2 a(M 2 X ) 16^ " P 2 167r 2 



A Q = l§it 2 Ref 1 - loap - [-2£T a (r) logdet^) + e a K] (3.137) 

i 

and Ref l ~ loop is induced from the integration of massive modes that decouple at the scale M\. 

Notice that the general form of the gauge coupling dependence in a N = 1 supersymmetric 
gauge theory appears in the form 

~ £ / d 2 6f a mW a W a ) a + h.c = -hj2(Ref) a (F^)a - Imf a (FF) a }, (3.138) 

where the index a labels the different group factors of the high energy gauge group G = <&G a . 
Obviously 



with k a the Kac-Moody level. 



= {~2- V^}^ = k * S > ( 3 - 139 ) 



By looking at eqn.( |3.135|) , we can see that the a -model lagrangian is not invariant under the 



duality Kahler transformations 

K{cf>, $) - K(<f>, $) + g{<f>) + g($), (3.140) 



s7 The Kahler metric of the matter fields, appears when we expand the Kahler potential for the matter fields 

lai 





in lowest order in the matter fields, as K matter — K™p tter A a Ap 



3 See for example [p. 34 135 
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and reparametrizations which act on the matter metric as 



K a( s -> h^-^^Kap (3.141) 



The non-invariance of eqn.( p.l35|) is reflected in the presence of the additional term 



— 1 r W a W ( - \ 

«£=inE t c ( G -) " £ T (rJM0) + 2 £ r(r w ) log det ^(0, 0) + h.c 

(3.142) 

Take for example (0, 2) abelian orbifolds. The Kahler potential for the matter fields, when it 
is expanded around the < A a = > classical vaccum becomes 

K matter = 6 J*ff\ T + f)< ^ (U + U)% A a A p (3.143) 
i=l m=l 



which means that every matter field is characterized by + ^(2,1)) rational numbers, the 

modular weights, which are represented in vector form as f? a = (n*, n„ . . . , na 1 ' 1 ^) and I™ = 
(li,l 2 a ...,la™). In addition, invariance of the kinetic energy for the matter fields under e.g 
SL(2, Z)t x SL(2, Z)u target space duality transformations, produces the requirement 

n (ic T + d)" a n (zcT + d)^. (3.144) 

i=l m=l 

For abelian orbifolds and untwisted matter fields associated with the j — th complex plane the 

modular weights are given |^2j by n*- = —5* and lj = —5p while for twisted states associated with 

3 

the order N twist vector 6 = (fl 1 ,^ 2 ,^ 3 ) (0 < 9 l < 1,£#* = 1) an d having a complex plane not 

i=i 

being fixed in two or all three complex planes, the modular weights are n l a = — (1 — #*), P a = 
-(1 - O 1 ), 0*^0 and n* a = l* a = 0, /or 0* = 0. 

Substituting explicitly in eqn.( p.l35|) the values of Kahler potential and the matter metric 



we get 



^ J 4 1 16vr 2 16 □ a &V ; 

EOog(t/ + t/) m ]} + /i.c, (3.145) 

m=l 

with 6 /l Q = -c(G a ) + E rw r(r w )(l + 2<J and C = -c(G a ) + Er w r(r w )(l + 2Z« ). 
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The final contribution to the gauge kinetic terms including one-loop corrections coming from 
the heavy modes that decouple at the string unification scale is found to be|S3|, |136 | 

V,i) 



C = ? J d °^ {S ~ 16^16 g b « l0g(T + (T) + 

]T C log(C/ + f/) m ^ 4 (t/)]} + h.c. (3.146) 



m=l 



It appears finally ]81, |137| , |9"2| , |55[] that the non-invariance of the lagrangian ( |3.135|J3~!l46| ) under 



SL(2, Z)t modular transformations 

„ aT — ib 



ad — be = l;a,b,c,d G Z, (3.147) 



icT + d 

can only be compensated by the use of the Green- Schwarz(GS) mechanism. 

In the presence of the Green-Schwarz mechanismQin the four dimensional one-loop effec- 
tive string action, the previous considerations have to be modified. In that case we will have 
to subtract the contribution of the Green-Schwarz term from the total anomaly coefficient. 
The Green-Schwarz mechanism in four-dimensions induces the following modification to the 
lagrangian ( |3.146|) 

O(M) 



r fj2g W a W a 1 1 VVVV (UQ ^ 1 — 



+lL E ^og(U + U) m ] + -L £ (6jj - 6hs) + f l )r 1 {T l f+ 

m=l i=l 



E TZiCC - S gs) log(C/m + U m )v(U m ) A } (3.148) 

71=1 



Notice that the presence of duality anomalies under the transformation of eqn. (|3.147|) can be 
cancelled by a transformation of the dilaton field as 

S - S - -L ]T a* GS log(zcT + d), (3.149) 

87r t=i 



89 ,used for the cancellation of anomalies of the ten dimensional theory or better to provide for a Fayet -Iliopoulos 
D-term in order to break supersymmetry, 
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In equation (|3.148|) the term in brackets involving the dilaton induces a mixing in the one- 
loop Kahler potential between dilaton and the moduli fields. This mixing corresponds to the 
following Kahler potential 

K = -]Dg[S + 3-±j?S i G8 ]og(T + T t )]. (3.150) 

i=i 

The induced one-loop correction to the tree level Kahler potential corresponds to a supergravity 
lagrangian formulated in the linear representation 90 of the dilaton. 

We may now complete our discussion of the contributions to the gauge couplings by consid- 
ering contributions from a (2, 2) symmetric non-factorizable orbifold theory. We will apply our 
discussion to the Z e — lib orbifold. We examine the contributions from the subsector (1,0 2 ) 
only. Contributions coming from the (1, 3 ) sector are invariant under SL(2, Z)t x SL(2, Z)jj, 
they are identical to those listed in [ |120| |, and we will not include them here as their result is 
additive to the gauge coupling constants. 

We consider the contribution to the effective gauge coupling constants^. 

The moduli will play the role of Higgs fields, breaking the original gauge group. The original 
gauge group of our theory is supposed to be sited at the string unification scale M s and it is 
composed from gauge group factors G a , as G = Q)G a . We assume that space-time supersym- 
metry remains unbroken while the moduli fields spontaneously break the original gauge group 
in the form G = ®G a . The running of the subgroups G a includes the presence of additional 
threshold scales coming from gauge group enhancement at special points and as a reverse con- 
sequence previously massless particles become massive and decouple. In describing the running 
of effective gauge couplings of those subgroups, we substitute explicitly the tree level values for 
the gauge coupling constants at the string unification scale (S + S)/2, the value of the a-model 
matter metric in the case of vanishing Wilson lines ((T + T)(U + U)j . We find that the full 
contribution to the gauge couplings from the modular orbit 2n T m + q T Cq = is 

I S + S , b Es . ^string , C E : 



9e 8 (P 2 ) 2 167T 2 p 2 167T 2 



+ Tfh log + T^V log (T + T){U' + U') - (B + C)(C + B] 



no 



See chapter five. 



91 A similar methodology was followed in [120 1 by turning on moduli fields B,C in the invariant subsector. 
92 Remember that we consider a (2, 2) theory for which the gauge group is always Eg x Eq and the matter fields 

are consisting of 27 multiplets and hn,i) 27 multiplets in the Eq part of the gauge group. 
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+^log (V(C/')r 7 4 (|)|(l-5C(a T logr 7 2 (|))(a [/ ,log^(C/')))|- 2 



(3.151) 



with bE 8 = —3c(E$) and we have assumed for simplicity that 5gs = 0. 

The expression ( |3.151|) represents the gauge couplings which are not affected from the presence 



of the Wilson line moduli. These can be for example the gauge couplings which belong to the 
E 8 hidden sector. By making the correspondence with the general superfield behaviour of the 
charged matter in (2, 2) theories, we conclude that a priori this has to be the case since the charged 
matter in (2, 2) theories are always E s neutral. This built in property of the theory, can be used 
in the gaugino condensation approach to supersymmetry breaking by taking the hidden Eg sector 
to be associated with the pure Yang-Mills gauge sector. In the previous description of the gauge 
couplings we have tacitly assumed that the original gauge group of the theory, spontaneously 
breaks at a product of subgroups and as a consequence previously massless particles decouple. 

In the presence of the Green-Schwarz mechanism, ( p,151| ) becomes 

1 n , b Ea - S GS . M 2 tri c E8 - 5, 



+ -^rv^- lo § — P + * 7 log((T + f)(U' + U') -(B + C) 



g 2 Es (p 2 ) 2 16tt 2 ta p 2 16vr 
x(C + B)) + ° E \^2 GS lQ g (V(T)^ 4 (y)il - SC(9 T logr ? 2 (r))(^logr 7 2 (y))r 2 



+ CE \J 2 GS log{V(£/> 4 (|)|l ~ BC(d T \og V 2 (^))(d ut \og V 2 (U')\- 2 }, (3.152) 

with 

n = S + S - log f (T + f)(U' + U') -(B + C)(C + B)) + (modular function). (3.153) 

We will give the unspecified modular function later, in chapter 4. We will only say at this 
stage that its value is universal, and gauge group independent. In the N = 2 part of the internal 
superconformal field theory, the gauge couplings depend on scalars belonging to vector multiplets 
and not on the hypermultiplet moduli. 

We will now discuss the effect on the gauge couplings on the vector multiplets of the invariant 
subspace. In the case of six dimensional compactifications of heterotic string vacua, the moduli 
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of the invariant subspace belong to vector multiplets. In such a case, the gauge couplings of the 
vector multiplets result in 

T-i = + log + (£g W"^ w) log (w(T) - cu(f/')) 2 " ^ 



X 



{log ((T + T)([/' + C7')|9r/(f r/(T)| 4 ) + log (T + f ){U' + f/')l )T) (3-154) 



with bun) = 0, since Cym = and there are no hypermultiplets charged under the 17(1). Here, 
the without hat quantities correspond to the running of the gauge couplings between the string 
unification scale and the intermediate threshold Mi, while the hat quantities correspond to the 
running of the gauge couplings between the threshold Mj and the momentum scale p 2 , with 
p 2 < Mf Explicitly, 

1 ' i bu{l) , I (rp\ /rr/\|2 ^U{1) i ^ string . 



g 2 u(1) (p 2 ) g 2 (M 2 ) 16^ bl ^ ^ " 16^ b p2 



A 

+— - (3.155) 

l07T Z 



where A the contribution from Kahler and cx-model anomalies. The sum is over the chiral 
multiplets of massless particles between the thresholds. Furthermore, for the running of the 
couplings between the threshold M 2 and the string unification scale 

lo S^^ 777^ + 77^ > (3.156) 



g 2 u{l) (M 2 ) g 2 u{1) (M 2 trmg ) 16tt 2 \co(T) - u(U>)\ 2 16tt 2 

where A are the contribution coming from integration of the massive modes. Combining eqn.( |3.155| ) 
and eqn. (|3.156|) , we obtain eqn. (|3.154|) . 



In the same way as in ||120|| , au(i) = = —Cu(i) + Sr C 7r- c , since the gauge group under 
the additional threshold scale Mj is abelian. The coefficient bu{\) equals bu(i) + 2b vec , where 
2b vec the contribution from the two /3-function coefficients of the two vector multiplets which are 
massless above the threshold scale. The additional threshold scale beyond the traditional string 
tree level unification scale is the one associated with the term uj(T) — u(U). The threshold scale 
now becomes Mi = \uj(T) — u(U')\M str i ng and is associated with the enhancement of the abelian 
part of the gauge group to £717(2). The appearance of the threshold scale is specific at the point 
where the non-abelian £717(2) factor is being broken to 17(1). 
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3.5.2 * Threshold corrections to gravitational couplings 

In this part of the thesis we will discuss briefly contributions to the running gravitational cou- 
plings in (2, 2) symmetric Zn orbifold constructions of the heterotic string. 



126 



For (0, 2) Zn orbifolds the effective low energy action of the heterotic string is| 125 , |124| , |127| , 

c = -\n + \—c + \{&s)gb + \(%s)n abcd n abcd (3.157) 

and = (S+S)/2, = (S—S)/2. We have used as the gravitational couplings l/g grav = 3iS 
, while GB is the Gauss-Bonnet combination 

4GB = c 2 - 2K 2 ab + ~iz 2 , c = n abcd n abcd -2n ab n ab + ln 2 , (3.158) 

and C the conformal Weyl tensor C abc d- The Weyl tensor C can occur only through the Gauss- 
Bonnet (GB) combination in eqn. Q3.158l ), since single C 2 terms coupled to Einstein gravity can 
violate fT24|| unitarity. In other words, presence of powers of GB terms may guarantee the absence 



of ghost particles in the effective low energy limit of string theories. When the above relation is 
written in the form 

L grav = A° rav (T,f)(n 2 abcd - 4K 2 ab + K 2 ) + Q 9rav (T,f)e abcd n abef n e / d (3.159) 



then the one-loop corrections |55[ to the gravitational action, in the absence of Green-Schwarz 
mechanism, give 

A grav = log ( T + T)|r](iT)| 4 , e.g for a Z 4 orbifold. The graviattional (3- 
function coefficient f3 9rav equals 

figrav = J_ (jVg + 7 _ ^ _ H^iV* + 3Q4N$N*). (3.160) 

Here, iV^, Ny, Np is the number of scalars, vectors and Majorana fermions contributing to the 
gravitational /^-function. The coefficients in front of N$, Ny, Np represent the contributions [TIB 



of the various fields to the integrated conformal anomaly. This is 1 for scalars, 7/4 for spin 
1/2 fermions, 33 for vector bosons and —233/4 for gravitinos and 212 for the graviton. Finally, 
304 is the contribution in the trace anomaly for the graviton, dilaton and antisymmetric tensor 
B^, while NpNy is associated with the contribution of the gravitino together with a Majorana 
fermion. 

The corrections to the gravitational couplings considered up to now in the literature, are 
concerned with the decomposable orbifolds. We will complete the discussion of corrections to 
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the gravitational couplings by examining non-decomposable orbifolds. We focus our attention 
to the case of Zq — lib orbifold. We consider the case of vanishing Wilson lines. Working in the 
field theoretical approach ||220|| , in the presence ||120|| of the threshold p 2 <C Mj <C M 2 tring , we get 



^ + fe log ^ - fe ^ ~ log[(T + f){U> + U')] 



g 2 grav (p 2 ) 2 16tt 2 b p 2 16?r 2 - M 2 rm9 16tt= 



V< ™ logfaW(?)9] - ^logfa 2 (|W 



167T 2 3 167T 2 

(3.161) 

Let me explain more on eqn. (|3.161|) . Here, b grav , a grav are associated with the running of the 
gravitational couplings below the additional threshold scale Mj, while the bare quantities, e.g 
bgrav, a grav are associated with the running in the area Mj < p 2 C M string . The following 
equation is valid for energies p 2 <C Mj. 

' ' bg raV Mj A /\g rav 

+ 77^2 l°g - G ^^-r, (3-162) 



^(P 2 ) ^a,(M|) 16VT 2 ^ P 2 9 ™ 16tT 2 ' 



where a grav is given below and A grav is the moduli dependent contribution from the Kahler and 
cr-model anomalies. For decomposable orbifolds, this contribution |55| is the usual one as for the 



gauge coupling |7I[]. For energies Mj Cp C M 2 tri the following equation is valid ||1 20 



1 S ~\~ S b orav -^strino A 



string 

, u grav , ly± string •— > / n 

2 + i^ log ^r- a -»i^' (X163) 

where A is the moduli dependent contribution coming from the integration of massive modes. 
Substituting eqn.( |3.16"3| ) in eqn.( |3.16"2|) we get 

_1_ = S±S + |p lQg + h^^j lQg |^ (T) _ w(t7/) | 2 

-tf^ logflQ^T)^] 4 - K 2 ^ log[9^(C/')^(f )] 4 

((T + T)(f/' + C7')) - (( T + ^)(^' + U')) . (3.164) 

The coefficients Ki, K 2 are numerical coefficients that may appear in front of the moduli depen- 



dent threshold corrections after performing the string calculation |55| of moduli dependence of 
threshold corrections in analogy to the calculation of the threshold corrections to gauge couplings 
in 
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Here a grav comes from non-holomorphic contributions from Kahler and cr-model anomalies 
and is given by a gTav = ^(21 + 1 — dim G + 7m + + 2n^)). The a grav , g grav coefficients have 



been calculated in the absence of|55| Green-Schwarz mechanism, as coefficients of the Gauss- 
Bonnet term in the gravitational action and represent the contribution of the completely rotated 

plc!LH6. Ill tjhcltj CclSG} Q'gvcLV ~~ ^qvclv — f^gvciV' 

The gauge couplings receive contributions from states appearing at points in the moduli space 
where T — U', namely, one additional N = 2vector multiplet, namely at the additional threshold 
scale Mj = {uj(T) - u){U')) M string . Furthermore, b grav - b grav = 5 V grav + 5 c grav , where 5 V and 

are the contributions to the gravitational /3-function coming from the N=l vector and chiral 
decompositions of the N = 2 vector multiplet. A N = 2 vector multiplet of a supersymmetric 
gauge theory has in total 2 2+1 = 8 states and consists two vectors, two complex Majorana 
fermions and a complex scalar. It can decomposed into a N = 1 vector multiplet which has 
two vectors plus their fermionic superpartners and aiV = l hypermultiplet with two Majorana 
fermions plus their superpartner, a complex scalar. 

Rewriting eqn. (|3.164|) , we obtain 



Finally, 



-K^log^T)^ - K 2 ^ log[<V(£/V(f)] 4 
-K^ log ((T + T)(U' + U'j) - K 2 ^ log ((T + T)(U' + U')) . (3.165) 



1 S -\- S b grav -^string & grav & grav i i (rp\ (TT'W^ 



9nrav(P 2 ) 2 P 2 16?r 



l og _ Srav , ~ grav ^ ^ _ 



^ log{(T + f )(U> + U')\9 V (T) V ^} 



•^2= log{(T + f){U' + U') 9 V 2 (U') V 2 C-)}. (3.166) 



3.6 * Threshold corrections for the Zg orbifold 

We will present now the calculation of the threshold corrections for the class of orbifolds defined by 
the Coxeter twist (e^, e^ 2 " , —1) on the root lattice of A 3 xA 3 . This orbifold is non-decomposable, 
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in the sense that the action of the lattice twist on the Tq torus does not decompose into the 
orthogonal sum T$ = T^QT^ with the fixed plane lying on the T2 torus. Similar calculations^ have 
been performed in |5^| . Our calculation completes the calculation of the threshold corrections 
for the list of orbifolds definedQ in [66|. 

The twist can equivalently be realized through the generalised Coxeter automorphism SiS2S 3 P 35 P 36 P i5 . 
The generalized Coxeter automorphism is defined as a product of the Weyl reflections^] Si of 
the simple roots and the outer automorphisms represented by the transposition of the roots. A 
outer automorphism represented by a transposition which exchange the roots % j, is denoted 
by Pij and is a symmetry of the Dynkin diagram. 

For the orbifold Z 8 there are four complex moduli fields. There are three (1,1) moduli due to 
the three untwisted generations 27 and one (2, l)-modulusQ due to the one untwisted generation 
27. 

The realization of the point group is generated by 

^00000 -i\ 

1 

10 

10 

1 

1 



Q 



1 







1 



V 







(3.168) 



/ 



Therefore the metric g (defined by gij =< >) has three and the antisymmetric tensor 

field b an other three real deformations. The equations gQ = Qg and bQ = Qb determine 



93 of threshold corrections for non-decomposable orbifolds 

94 In |66| a classification of six orbifold compactifications with N = 1 supersymmetry was performed. Similar 

calculations for non-decomposable Zjq x Zm orbifolds were examined in []22l| , 
95 The Weyl reflection Si is defined as a reflection 



Si(x) 



2 ei 

< ei, e t > 



(3.167) 



with respect to the hyperlane perpendicular to the simple root. 

96 In Table five of |6(|, the number of the h^ 2,1 ^ moduli was reported for the Z$ and Z' s orbifolds to be zero and 

one respectively. They were missquoted. Clearly, these values may be interchanged. In our calculation for the Z% 

orbifold with the twist defined via the generalized Coxeter twist SiS^SaPaaPae-Ris the value of the ft/ 2 ' 1 ) moduli 

is one, confirming the results of |52] . 
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the background fields in terms of the independent deformation parameters. If the action of 
the generator of the point group leaves some complex plane invariant then the corresponding 
threshold corrections have to depend on the associated moduli of the unrotated complex plane. 

Solving these equations one obtains for the metric 
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with R,u,v G 3? and the antisymmetric tensor field : 
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(3.170) 



/ 

with x,y,z G 3?. The N=2 orbit is given by these sectors which contain completely unrotated 
planes, O = (1, 9 4 ), (9 4 , 1), (6 4 , 6 4 ). 

The element (G 4 , 1) can be obtained from the fundamental element (1, B 4 ) by an S'-transformation 
on r and similarly (B 4 , B 4 ) by an ST-transformation. The partition functions for the zero mode 
parts ^(g™) 5 of the fixed plane have the following form[|5B] 



Z\%r x) {T,f,G,B) 



V, 



1 p 2 1 p 2 
2 F L g2 P R 



n Pe(A^)* 

1 x ^ I p. 2 1 p„2 ,_, ,,2 



V, 



(3.171) 



n Pe(A^)* 



with A 4 ^ we denote the Narain lattice of A* x A% which has momentum vectors 
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P 



Pl = ^ + (G- B)w 



P 



P R =~-(G + B)w . 



(3.172) 

Atv-l is that part of the lattice which remains fixed under Q A and V A ± is the volume of this 
sublattice. The lattice in our case is not self dual in contrast with the case of partition functions 



Z*°™^(r, r, g, b) of J7I] . Stated differently the general result is - for the case of orbifolds similar 



to our's - exactly, that the modular symmetry group is some subgroup of Y and as a consequence 
the partition functions r 2 Z*°™^(r, f , g, b) are invariant under the same subgroup of T. 

The subspace corresponding to the lattice can be described by the following winding and 
momentum vectors, respectively: 



/ n 1 \ 



w 



n 1 , n 2 G Z and p 



n 



n 1 

V™ 2 J 

They are determined by the fj] equations Q l 



(3.173) 



m 2 
—mi 
-m 2 
mi 
\ m 2 J 

w and Q* A p = p. The partition function 
T 2 Z*° r Q4j(T, f, g, b) is invariant under the group T (2) which belongs to the congruence subgroups 
of T The integration of the contribution of the various sectors (g, h) is over the fundamental 
domain for the group To (2) which is a three fold covering of the upper complex plane. By taking 
into account the values of the momentum and winding vectors in the fixed directions we get for 

ytorus 

(i,e 4 ) 



W 



Zg&){T,f,g,b)= £ 



^PiG^PL^G-iPR 



^Lmrtfw e -ivT2{\p t G~ l p-2p t G- 1 Bw+2w t Gw-2w t BG' 1 Bw~2p t w) 



(3.174) 



p,w 



Consider now the the following parametrization of the torus T namely define the the 



97 By * we mean inverse transpose. 
98 see appendix A 
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(1, 1) T modulus and the (2, 1) U modulus as: 

T = T ± + iT 2 = 2(b + tVdMl) 

(3.175) 

U = U ± + iU 2 = ^(G^ + iVdrtGl). 

Here g± is uniquely determined by w t Gw = (n 1 n 2 )G± (™ 2 )- 

Here b is the value of the Bi 2 element of the two-dimensional matrix B of the antisymmetric 
field. This way one gets 

T = 4(x - y) + i8v (3.176) 
U = i. (3.177) 

The partition function Z^q^t, f , g, b) takes now the form 

Z t { °™! ) ( T ,f,T,U)= ]T e ^( mi n^m 2 n^ el ^\TU^ + T^-Um 1+m ^ 

m l ' m 2 
n 1 ,n 2 eZ 

By Poisson resummation on m x and m 2 , using the identity: 

V- [-n(p+S)*C(p+S)]+2jri^] = y-1 1 V- e [-TT{l+<P) t C- 1 (l+<t>)-2Tti5 t (l+<i>)} /g 17g x 

we conclude 

raZgSf^T.f.T,^) = \E A eMe- 2mTdctA T 2 e^\ {1 ' U)A ^\ 2 , (3.180) 



where 



ni 

V n 2 5*2 / 



(3.181) 



and ni, n 2 , Zi, l 2 € 



From (3.57) one can obtain t-zZIq^Jt, t) by an ^-transformation on r. After exchanging rij 
and and performing again a Poisson resummation on Zj one obtains 

Zp u ; i) (r,f,T,U) = - J2 e 2 ™(^+^4) e ^ TU ^ +T ^- Um i +m ^ (3.182) 



-90- 



The factor 4 is identified with the volume of the invariant sublattice in (3.58). The expression 
T2Z*Q r 4 U i)(T, f, T, U) is invariant under T°(2) acting on r and is identical to that for the (0 4 , G 4 ) 
sector. The subgroup r°(2) of SL(2, Z) is defined as with 6 = mod 2 instead of c = mod 2. 
Thus the contribution of the two sectors (G 4 , 1) and (G 4 , Q 4 ) to the coefficient b^ =2 of the 
/^-function is one fourth of that of the sector (1, G 4 ). 

The coefficient b^ =2 is the contribution to the f3 functions of the N = 2 sectors of the N = 1 
orbifold as we already described in the introduction of this chapter. 

Including the moduli dependence of the different sectors, we conclude that the final result for 
the threshold correction to the inverse gauge coupling (3.3) reads 

A a (T, T, U, U) = -e 04 ) In |%^f \V (?) \ A U 2 \ V ((U) | 4 | 

_ W) ln (fegf-Tato (|) | 4 f/ 2 |^(f/)| 4 ) (3.183) 



The value of U2 is fixed and equal to one as can be easily seen from eqn.( |3.177 ). In general 



for Zjv orbifolds with N > 2 the value of the U modulus is fixed. The final duality symmetry of 
( 3.183| ) is r!p(2) x IV with the value of U replaced with the constant value i. 

In the appendix A, we list details of the integration. 
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4. Introduction 



Inspired from the progress 142, 143 on the rigid supersymmetric Yang-Mills theories, re- 
cently much progress has been made towards understanding non-perturbative effects in string 
theory fll48| , 149 1. At the level of N = 2 supersymmetric SU(r+ 1) Yang-Mills the quantum mod- 
uli space was associated with a particular genus r Riemann surface parametrized by r complex 
moduli and 2r periods while their effective theories up to two derivatives is encoded 

in the following N = 2 effective supersymmetric lagrangian of r abelian N = 2 vector multiplets 
in the adjoint representation of the gauge group 

When matter is not present it allows for generic values of the scalar field of the theory to 
be broken down to the Cartran sub-algebra and it is described from r iV = 2 abelian vector 
supermultiplets, which can be decomposed into r N = 1 chiral superfields A and r N = 1 vector 
superfields W a . The theory is dominated from the behaviour of the holomorphic function J-'(A), 
namely the prepotential. The supersymmetric non-linear a-model is described by the Kahler 
potential K(A, A) = Jm{ a ^ A}, while the metric in its moduli space r(A) = Im{d 2 J-'/dA 2 } is 
connected to the complexified variable d e ff/ix + 8iri(g~ff) = t(A). The metric is connectedQto 
the interpretation of the periods tt 

( 



71 



a 



as an appropriate family of a meromorphic one-forms associated with A, 

Q . D= / A , Q '=£a, (4.3) 
Jot J Pi aai/au 

Here, a«, /3j form a basisf™] of the homology cycles of the hyperelliptic curve which has the same 
moduli space as iV = 2 supersymmetric Yang-Mills theory. 



"This development was subsequently generalized [ 143 1 for arbitrary SU(n) gauge groups. 
100 a is the scalar component of the superfield A and can play the role of the Higgs field. 

101 The cycles a,/3 form a basis of the first homology group Hi(E g ,Z) = Z 2g , where E g a Riemann surface at 
genus g. The intersection of cycles in the canonical basis takes the form (cij, bj) = —(bj, a^) = &y. 
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For the SU(2) group, the hyperelliptic curve E u is 




l)(x + l)(x - u) 



(4.4) 



and 



f A 



A 



i 



dx 



(4.5) 



y 



The theory possess singular points with non-trivial monodromies M. The one-loop correction to 
the prepotential drives the local monodromy M around a given singularity and transforms the 
section 



is invariant under the monodromy transformations M. The one loop contribution to the holo- 
morphic prepotential is due to the appearance of extra massless states at special points in the 
quantum moduli space. At a generic point of the moduli space the semiclassical monodromies 
split into non-perturbative monodromies. The pure gauge theory has singularities at the points 
oo, ±A 2 , where A is the dynamically generated scale where the gauge coupling becomes strong. 
The contributions to the prepotential at oo correspond to weak coupling and the semiclassical 
monodromy M at oo splits as M°° = M +A2 M~ A2 . 

The theory yet possess stable dyonic points, labeled by magnetic v m and electric charges v e , 
the so called BPS states. The masses of the stable particles are given by the BPS formula M 2 = 
2\Z\ 2 = 1\v e a + v m a£)\ 2 . At the strong coupling singularity +A 2 a magnetic monopole become 
massless with quantum numbers (v e ,i/ m ) = ±(0,1). The corresponding cycle vanishes. At —A 2 
a dyon become massless, a particle with both electric and magnetic charges, with (u e , u m ) = 
±(—2, 1). For the classical SU(n) gauge theory the moduli space of the theory is parametrized 
by the parameter u= Tr(a 2 ). 

The parameter a, the complex scalar of eqn.( |4.1| ), is in the adjoint representation of the gauge 
group. For non-trivial u values, the gauge group is abelian. In the quantum theory the last picture 
is modified. The theory takes into account the singularities in the moduli space. The gauge group 




(4.6) 



The metric in the moduli space 




d 2 T 



(4.7) 
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around the singularities is abelian and the non-abelian gauge symmetry is never restored. Note, 
that the classical point a = 0, where the gauge symmetry is non-abelian is missing in the quantum 
theory. Instead, the weak coupling point oo is available where perturbative calculations can be 
carried outf ^. The general picture emerging from the study of the supersymmetric Yang-Mills 
is that the vacuum expectation values of the Higgs fields break the theory to its maximal abelian 
subgroup. 

In general, there are only five different descriptions of string theories which all give consistent 
string vacua. The closed type IIA and type IIB superstrings, the open type I with gauge group 
5*0(32) and the closed heterotic string with gauge group 50(32) or E 8 x E 8 . For these vacua 
we can perform perturbative calculations. This means that the any amplitude representing the 
scattering of n-particles can be expanded in the fornf 03 ! 

oo 
n=0 

with £ the Euler number[^]and A n the scattering amplitude in genus n Riemann surface. Eqn. ( f4.8|) 
represents the fact that that the n-point amplitude as an expansion in the string coupling is equiv- 
alent to the sum over all worldsheet topologies. The variable g string is equal to e D . Here, D is 
the dilaton field of the bosonic part of the ten dimensional N=l heterotic string in the string 



frame 21 



-G u D m ^D m 4> J - V(<p, $)}. (4.9) 

We have assumed that the gauge group of the low energy theory is a product of gauge group 
factors in the form G = <8>G a . Here, k is the gravitational coupling, k a the Kac-Moody level 
and the H m field strength contains Chern-Simons terms necessary for the anomaly cancellation 
of gauge and gravitational anomalies in ten dimensions. Reseating [plTf] the space time metric 



g uu and changing variables as S = e 2D + ia, a the axion, in the lagrangian (|4.9| ) we bring 

102 p or var j ous checks os Seiberg-Witten theory using traditional style perturbation techniques see |14 
103 See for example JL46|. 



104 The Euler number is defined as (f/47r) J cPcjyfgR^ = £ = —2h — 6+2, where h is the number of loops, b 
the number of external legs, g string the string coupling constant of the string vacuum. 
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the Einstein term in its canonical form. Direct comparison with eqn.( 3.87|) gives that in four- 
dimensions K = — K~ 2 \n(S + S) + K((p,4>) and Gjj = didjK and K a function of the scalars 
fields 4>. 

Various equivalences between the different theories have been proposed and the picture emerg- 
ing is that the different string theories are expansions of a more fundamental theory around 
different points in the moduli space of string vacua. We mention string-string duality where type 
IIA compactified on K3 manifold with N = 4 supersymmetry has the same moduli space as the 
heterotic string on a T 4 torus [ 16^ , |166| , |168| , |1 70| , |160| , |161|] with N = 4 supersymmetry. For 
N = 2 type IIB the string generalization of Seiberg-Witten's(SW) quantum theory is provided 
by the conifold transitions! 105 ! of wrapped three-branes on Calabi-YauF 05 ] spaces. Type IIB in ten 
dimensions admits extremal black holes solutions in the RR sector of the theory. They represent 
BPS saturated p-brane solitons. Compactification of type IIB on a Calabi-Yau space produces 
hS 1 ' 1 ' + 1 supermultiplet moduli with +1 associated with the dilaton and h^ 2 ' 1 ^ vector multiplets 
and the graviphoton. In addition, it gives the abelian gauge group ?7(1)'H 2 > 1 ) +1 . In general special 
geometryf 07 ] applied to the compactification of type IIB on the Calabi-Yau space in four dimen- 
sions, requires that the scalar component Z and the prepotential F of the vector multiplets to be 
given by the period of the three form Q over the canonical homology cycles a/, bj as 

Zj= [ ^ [ n, i = i,...,h™. (4.10) 



Here, Q is the holomorphic three form describing the complex structure of the Calabi-Yau space. 
BPS states are cx \ —v I e Zi+v^ n Fi\. The integers z> e , v m are the electric and magnetic charges of the 



105 Moduli spaces of distinct Calabi-Yau(CY) manifolds touch each other along certain regions. These regions 
are called conifolds and they represent smooth manifolds apart from some singular points. In this sence CY's can 



form a web of connected) 153, 154, 155 manifolds. The neighbourhood of the singular region is described from 

the quadric Yli=i ii^ 1 ) 2 = 0, where Z l complex variables in C 4 . 
106 Type IIB theory admits[156, 157] soliton solutions in the NS and RR sector of the theory called p-branes. 

They are extended objects in a theory with p spatial dimensions. They arise if there is p + 1 form in the theory 

coupled to the p+1 dimensional world volume. For those p-branes associated with the RR sector, p = —1, 1, 3, 5, 7. 



Recently, the dynamics of the RR sector p-branes was [158] associated to objects referred as Dp-branes, extended 
objects with mixed boundary conditions(B.C) refering to as Neumann or Dirichlet at the worldsheet boundary, 
in the type I theory. Here D stands for Dirichlet B.C. Neumann B.C exist in p-dimensions and Dirichlet one's in 
the remaining. D-branes are the carriers of the RR charge, predicted from string-string duality in six dimensions. 
107 See next section. 
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threebrane wrapped around the three surfaces ai,bj. The appearance of a logarithmic singularity 
in the Kahler metric at the conifold point Z=0, involved in the compactification of type IIB on 



the Calabi-Yau space, is then identified |L50[ with the extremal three brane black hole becoming 
massless. In analogy with SW theory, the three-brane becomes massless when the associated 
cycles vanish. The appearance of the singularity, when the corresponding 3-cycles along the 
3-surfaces vanish, is then identified with the existence [|150|1 of a massless black hole solution in 
the metric of type IIB for the 3-brane. This is the analog of Seiberg-Witten appearance of the 
massless monopole singularity. 

Among the various equivalences between the different perturbative string theories, we mention 
the S-duality conjecture R251H for which more details will be given in chapter five. 

In this chapter we are interested only in the proposal of [fL48| , |149| | which provided evidence for 
the exact nonperturbative equivalence of the heterotic string compactified on K% x T2, with IIA 
compactified on a Calabi-Yau threefold. The proposal identifies the moduli spaces of heterotic 
string and its dual IIA as j\4^ teroUc = J\4.y A and j\4^ terotlc = .M# A , where the subscripts refer 
to vector multiplets and hypermultiplets respectively. In this sence the complete prepotentials 
for the vector multiplets for the two "different" theories match, including perturbative and non- 
perturbative corrections, and T het = T IIA . Compactification of the heterotic string on K3 x T<± 
and of type IIA on a Calabi-Yau threefold produce models with N=2 supersymmetry in four 
dimensions. 

Lets us assume that we have a heterotic string compactified on the K 3 x T 2 manifold for 
which the dual type IIA compactified on a Calabi-Yau threefold exists. Then the following 



non-renormalization 1501 theorem holds: 



Since in N = 2 heterotic strings the dilaton is part of the vector multiplet, in reality 
of the vector-tensor multiplet as we will see in the next section, the prepotential of 
the vector multiplets for the heterotic model is getting corrected beyond tree level of 
perturbation theory while that the hypermultiplet superpotential is exact and equal to 
the tree level result. For the heterotic dual realization in type IIA, the prepotential of 
the vector multiplets at tree level is exact, while the hypermultiplet superpotential is 
getting corrected beyond tree level. Since there is no coupling between vector multiplets 
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and supermultiplets a t the perturbative lev ef ^, we can extend/^5^ this argument 
at the non-perturbative level and conclude the following : The exact vector multiplet 
prepotential for a heterotic model, which has a type II dual, can be derived by the 
calculation of the tree level vector multiplet prepotential of the type IIA side. The 
exact supermultiplet prepotential for the heterotic side is equal to its tree level result. 



The heterotic model receives perturbative and non-perturbative corrections to its prepotential of 
the vector multiplets in the heterotic side. In this chapter, we will calculate the one loop correc- 
tion to the perturbative prepotential of the vector multiplets for the heterotic string compactified 
on a six dimensional orbifold. It comes from the solution of a partial differential equation. The 
one loop correction to the perturbative prepotential has already been calculated before in [|173|1 
from string amplitudes. Our procedure is complementary to [ |173j | since we calculate, contrary to 



173 1 where the third derivative of the prepotential with respect to the T moduli was calculated, 



the third derivative of the prepotential with respect to the U moduli. Furthermore, we establish 
a general procedure for calculating one loop corrections to the one loop prepotential, not only for 
heterotic strings compactified on six dimensional orbifolds, which has important implications for 
any compactification of the heterotic string having(or not) a type II dual. This procedure is an 
alternative way to the calculation of the prepotential which was performed in [|130|| . However, 



the procedure in ||130|| seems to us more complicated. 

In addition, it was further proposed [|184|1 that the existence of het erotic-type IIA duals [|148|1 
can be traced back to the K3 fiber structure or the elliptic fibrationf 09 !. In section 4.4, we will 
discuss the issue of K3 fiber structure. Elliptic fibrations will be discussed in section 4.5. 



A general result [|188|| concerning the geometry behind the existence of heterotic duals, is that 
the Calabi-Yau manifold in the IIA side can be written instead, as a fibre bundle with base P 1 P TT7 | 



generic fiber the K% surface. The previous result was further elaborated in ||189| . Existence of 
the IIA dual in the Calabi-Yau threefold phase with the dual heterotic string admitting a weekly 
coupled phase while the dual type IIA realization is in the strongly coupled phase, was proved 
that can happen only when[[L88|, |189|| the generic fibre is the K$ surface and the base is P 1 . 



IDS 



At the level of effective N = 2 supergravity, the vector multiplets are coordinates on a special Kahler manifold 



Mv while the hypermultiplets parametrize[237] a quaternionic manifold M.h 



109 These structures were further elaborated at [188, 189, 190]. 

no pi - 1S jjjjg corrL pi ex projective space with homogeneous coordinates [x Q ,a;i] 
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At this chapter we will continue the work of [|1 73| , [j6| , |172| , |173|1 . We will calculate the pre 



potential of N = 2 vector multiplets of heterotic string when the T,U moduli subspace exhibits 
an SL(2, Z)t x SL(2, Z)u x Z^^ u duality groupQ. The one loop Kahler metric in the mod- 
uli space of vector multiplets in N = 2 six dimensional orbifold |8(J compactifications of the 
heterotic string follows directly from this result. Furthermore, we calculate the prepotential of 
N = 2 vector multiplets of heterotic string for the case of N = 2 sectors in (2, 2) symmetric 
non-decomposable Coxeter orbifolds. 

For the description of general properties of the basic theory of N = 2 theories, we will follow 
closely in the beginning sections the work of ||172|| while in the description of calculating the 
prepotential of vector multiplets from string amplitudes! 11 ^! we will follow the work of ||173| , |56|| . 
In section 4.2 we will describe general properties of N = 2 heterotic strings. In addition, we 
describe properties of the moduli space of compactification of the heterotic string on a K% x T 2 
manifold. In section 4.3 we will discuss the special Kahler geometry describing N = 2 locally 
sypersymmetric theory of the heterotic string with emphasis on the couplings of vector multiplets. 
In sction 4.4 We give descriptions of the low energy theory for the classical and quantum theory 
for both the heterotic string compactified on a six dimensional orbifold. We also discuss the 
K 3 x T 2 manifold and its dual type II on a Calabi-Yau 3-fold. In section 4.5 we describe our 
results for compactification of heterotic string on a six dimensional internal manifold. Here, we 
assume that the action of the lattice twist decomposes the torus in the form T 2 © T 4 . The 
calculation comes from the use of string amplitudes of |56|, |173|| . We will calculate one-loop 
corrections to the Kahler metric for the moduli of the usual vector multiplet T, U moduli fields 
of the T 2 torus appearing in N = 2 heterotic strings compactified on orbifolds. The calculation 
on the quantum moduli space takes into consideration points of enhanced gauge symmetry. 

The one-loop correction to the prepotential for the vector multiplets then follows directly. In 
section 4.5, we will describe our results for the case of N=2 six dimensional orbifold compactifi- 
cation of the heterotic string, where the underlying torus lattice does not decompose as T 2 ©T 4 . 
The moduli of the unrotated complex plane has a modular symmetry group that is a subgroup 

111 However, due to factorization properties of the T 2 subspace of the heterotic Narain lattice, the same result 
can be applied to any heterotic string compactification on K3 x T 2 , with different embeddings of the K3 instantons 
with instanton number k on the gauge group. 

112 We will draw heavily from these works. 



of SL(2, Z). In particular, we consider this modular symmetry to be one of those appearing in 
non-decomposable orbifold compactifications. 



4.1 Properties of N = 2 heterotic string and Calabi-Yau vacua 

A well known future of heterotic string vacua is the existence of their internal sector. The 
asymmetric nature of the heterotic string can be made apparent by the left-right asymmetry of 
the world-sheet degrees of freedom. In the critical dimension which is 10 for the heterotic and the 
type II, the number of the critical dimension comes from the fact that the the central charges of 
the matter system and the ghost system of the Virasoro algebra vanishes. For a generic vacuum 
of the heterotic string the contribution to the central charge from the ghost degrees of freedom 
is —22 for the left side and —9 for the right side. This has to be balanced from an appropriate 
internal CFT. 

In general, for classical vacua of the heterotic string one replaces the internal manifold with 
a c = (9, 9), N = 2 superconformally invariant theory on the world sheet together with four 
iV = (0, 1) free world-sheet superfields that give finally rise to the four dimensional space-time. 
Furthermore, we are left with a c = 13 trace anomaly to the left moving sector which is saturated 
from free bosons moving on a maximal torus 50(10) ® Eg Kac-Moody algebra that is responsible 
for part of the gauge group. The list of (2, 2) vacua includes the Calabi-Yau compactifications 
J206| , orbifolds |Sl], S3|, tensor products of minimal models | |208| | or generalizations | |211| |. We 



exclude the (0, 2) models [j212|| since no corresponding type II theory exists. 

For abelian (2, 2) orbifolds constructed by twisting a six dimensional torus, the point group 
rotation is accompanied by a similar rotation in the gauge degrees of freedom. The four di- 
mensional gauge group in this case is enlarged beyond G = E$ <g> Eg by a factor that can be 
a £7(1) 2 , SU(2) x £7(1), if P = Z 4 or Z 6 , or SU(3) if P = Z 3 . If we symbolize by h [hl) the 
numberp 3 ! of (1,1) moduli in the untwisted sector then we have respectively 
fyi.i) = 3,5 and 9. Twisted moduli are not neutral with respect to G and are not moduli of the 
orbifold. Abelian (2, 2) orbifolds can flow to a Calabi-Yau vacuum, by blowing up the twisted 



moduli fields, by giving them vacuum expectation values [|301 
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For compactifications on Calabi-Yau manifolds, fyi.i) and ft(2,i) represent the Hodge numbers of the manifold. 
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On the other hand compactification of the heterotic string on a six dimensional compact 
manifold can put restrictions on the allowed manifolds, which demend on the number of super- 
symmetries we want to preserve in four dimensions. The supersymmetry transformations of the 
fermionic fields in ten dimensions give ||144| , H, assuming that the supersummetry generator rj 
leaves the vacuum invariant, 

5^ M = D M tj = (4.11) 

6x * = r MN F MN 77 = 0, M, N = 1, . . . , 10, (4.12) 

where ipu is the gravitino, 77 is the supersymmetry generator, Fmn the gauge field strength of 
the gauge fields and Dm the covariant derivative. Eqn. ( |4~7Ll| ) represents the fact that the spinor 
rj is covariantly constant. For compactifications of the ten dimensional target space in a manifold 
M 4 x K, condition ( |4.11| ) imply, via the integrability condition [Dm,Dn] = 0, that M 4 space is 
Minkowskian. Furthermore, these conditions are associated with the existence of the compact 
manifold K to be a complex Kahler manifold. This means that it admits a metric of U(N) 
holonomy. In local form, the metric comes from the equation = d 2 K j \dz l dz^), where K is 
the Kahler potential. HolonomyP^group SU{n) implies that in the four dimensional space-time 
we get N = 1 supersymmetry and the complex manifold is a Calabi-Yau n-fold. SU (2) holonomy 
is associated with the four dimensional K 3 , while G2 holonomy and Spin(7) one with seven and 
eight dimensional compactification manifolds respectively. Manifolds which satisfy the conformal 
invariance conditions admiting Ricci flat metrics are called Calabi-Yau manifolds [|144| . From the 
mathematical point of view, Ricci-flatness is associated with the vanishing first Chern classQof 
the tangent bundle of the manifold. In the case of a six-dimensional orbifolds[]80[], by "blowing 
up" the quotient singularities we recover the corresponding smooth Calabi-Yau manifold. 

The N = 2 superconformal algebra - after we expand the fields in modes as T(z) = YJ L n z~ n ~ 2 ,T t 
E Gfz~ r ~ 3 / 2 and J(z) = £ J n z~ n ~ l - takes the form (G+ = (Gz r ) j ) 

[L n , L m ) = (n- m)L n+m + —(n 3 - n)5 n+mfi , (4.13) 
[Gf, Gf] = 2L r+s ±(r - s)J r+s + ^(r 2 - ~)6 {r+Sj0) , [Gf, Gf] = 0. (4.14) 



114 The holonomy group of the complex manifold is the group which leaves invariant the representation of the 
Majorana-Weyl spinor 77. 
H5p 0r mor e on these issues see [TL4 
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, } r)G n+r , [L n , J m ] = -mJ n+m (4.15) 



Q 

\Jni Jm] 2^^m+n,0 > \ Jm G r } iG n ^_ r 

is generated by four generators: one conformal weight (CW) 2 energy momentum tensor T, one 
abelian current J(z) and two fermionic conformal weight (CF) 3/2 supercurrents G (z) with a 
abelian charge ±1. The current algebra J(z) corresponds to a free boson in two dimensions 
J(z) = (%\ ^ d z <p and c represents the trace anomaly. If r G Z + 1/2, then the N=2 algebra 
describes the NS sector, while if r e Z we are in the Ramond sector. Acting on a state \<f> > with 
the generators L , J and using the relations J \(f> >= q\(f) >, L a \<p >— h\<f> >, where q the £7(1) 
charge and h the conformal weight , we get the constraints h > ^ for the NS sector and h > ^ in 
the Ramond sector. The left moving £7(1) charge combines with the 50(10) Kac-Moody algebra 
to accomplish the left-moving gauge group enlargement group to the Eg. N = 1 space-time 
supersymmetry requires N = 2 supersymmetry on the worldsheet while an additional constraint 
comes from the condition that the right moving NS primary fields^] must have integral U(l) 
charge [|214j| . The last statement is really the demand that the operator product of the gravitino 
vertex operator 

with a physical state to be local. The ghost field is ip, S is the £0(4) space-time spin field and 
the exponential comes from the dependence from the internal sector, the Ramond ground states 
with conformal weight 3/8. If we have N-extended space-time supersymmetries then we have N 
supercharges Q l a (i — 1, . . . , N) which obey 

{QlQfr} =2^P M , {Q^Q^} = 2C aP Z^. (4.18) 

where Z l i denotes the central charges. The supersymmetry charges are defined in general as 

QL = /^(z), Q* = f^-V M (z), (4.19) 



116 Take for example the bosonic string. Assuming that the energy- momentum tensor has an expansion in modes 
as T{Z) = § ^0 n+1 T(Z), we have [L n , 4>{z)\ d = z n [zd z + (n + l)h]4>{z). The conformal weight h is defined via 
the operator product expansion of the primary field with T(Z). namely 

r(Z)W«=il + *. (4.16) 

[z — wy (z — w) 
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where V£(z) and Vai(z) are the vertex operators in the —1/2 ghost picture. 

When the heterotic vacuum has N = 2 space time supersymmetry the nature of the super- 
symmetry algebra implies that the right moving algebra splits into a sector with c = 6 and N = 4 
SCFT and a free SCFT field theory c = 3 piece with N = 2 supersymmetry. On the other hand 
on the the left moving side of the heterotic string there is no world-sheet supersymmetry but 
instead we have a bosonic CFT, with a space-time sector consisting from four free bosons and 
an internal sector with c = 22. This is in contrast with the type II models where there is N = 2 
world sheet supersymmetry in both sectors. 

The massless spectrum of the iV=2(space-time) d=4 heterotic string consists, among other 
particles, of the graviton G^ U1 the antisymmetric tensor B^ u and the dilaton which are all created 
from vertex operators of the form oc dX IJi (z)dX L/ (z) . In addition it contains two gravitini and 
two dilatini which are created from vertex operators of the form dX n(z)V£(z) and the gauge 
boson generators of the group U(l)% with vertex operators dX ll (z)dX ± (z) . In the supergravity 
multiplet there are included together with the graviphoton(the spin one gauge boson of the 
supermultiplet), the graviton and two gravitini. However, the dilaton is included in the vector- 
tensor multiplet ||1 72 1- It contains the dilaton, the antisymmetric tensor, the two dilatini and a 
U(l) gauge field. The vector-tensor multiplet consists of a N=l vector multiplet and a N = 1 
linear fll"75fl multiplet. This on shell structure must be described as well from a N = 2 vector 
multiplet via a duality transformation on the antisymmetric tensor field. In the dual description, 
the antisymmetric tensor is converted to the axion a via a supersymmetric duality transformation, 
and the dilaton D and the axion combine to form the complex scalar S = e^' + ia. Off-shell 



the 8 + 8 component structure of the vector-tensor multiplet can be realized jl74| , |1 76|| in the 
presence of the central charge. In this case, after we linearize the Lagrangian for the vector-tensor 
multiplet we obtain ||172|| : 



C = -\(d<P') 2 - Xfc + \H 2 - \F 2 + \iD 2 . (4.20) 

Here, D' is a real scalar auxiliary field, 0' is the dilaton, F is the self-dual field strength of the 
gauge field, H the antisymmetric two form antisymmetric tensor and A a doublet of Majorana 
spinors. The action (|4.20|) has the same degrees of freedom as the action for a vector multiplet. 

Other particles that are present at the massless spectrum of the heterotic string include N = 2 
vector multiplets with gauge bosons A" together with their superpartners, the two gauginos \ 
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and a complex scalar C a . The vertex operator for a generic vector multiplet are 

(A;,\« a ,c a ) ~ (r(z) dx,(z),r(z)vuz),r(z) dx ± { z )) (4.21) 

and the multiplet itself and the currents J a transform in the adjoint representation of the non- 
abelian gauge group G created from the zero modes of the Kac-Moody currents. In fact we will 
see later that the scalars of vector multiplets in the moduli space can be divided to moduli and 
matter. The maximal rank for G is 22. 

Since we will be describing compactifications of heterotic vacuua on a 2-torus T 2 , it is necessary 
to give some details. The moduli of the torus is parametrized from the relations T = 2{B + i\fG) 
and U = l/Gn(Gi2 + iy/G) where Gij is the metric of the T 2 , \/G is its determinant and B 
the constant antisymmetric tensor background field. At the classical level, the moduli space of 
orbifold compactification of the N=2 heterotic string compactified in a six dimensional torus 
corresponds to the coset space so{2)-kso(2) \ t V- ^ e same type of moduli appears when we 
compactify| 177 , 130 the heterotic string on the manifold K% x T 2 . 

The subspace of the vector moduli space corresponding to the T, U moduli is associated with 
the lattice T 2 ' 2 part of the Narain lattice r 22,6 based on compactifications of even Lorentzian 
lattices of the heterotic string. The gauge group, using the standard embedding by equating the 
spin connection with the gauge connection, gives at generic points in the moduli space of the 
torus, the gauge group E 8 x E 7 x U(l) 4 . The first U{1) 2 is associated with the moduli of the 
T 2 parametrizing the torus, while the other U(l) 2 comes from the dilaton in the vector-tensor 
multiplet and the graviphoton. The heterotic prepotential for this model at the semiclassical limit 
S ^ oo has been calculated in ||172j , |173| , |130|| . Various tests have been performed for the heterotic 
prepotential with several Calabi-Yau IIA duals. In most of the tests, the weak coupling limit 
expansion of the heterotic prepotential has been matched with the corresponding prepotential 
of the type IIA side using [|191| its mirror in type IIB. Mirror symmetry supports the existence 
of for every Calabi-Yau manifold E, the mirror partner E such that h^ l ' l \E) = h^(E) and 
h^\E) = h^\E). Orbifold compactificat ions of the heterotic string |80|| , in four dimensions 
on a six dimensional torus T 2 © T 4 , produces a T 2 subspace. The classical moduli space, of r 
vector multiplets in the T 2 subspace, is the group 



577(1,1) 



17(1) 



x ,°} 2,r \ s / 0(2,r;Z). (4.22) 
dilaton 0(2)xO(r)/ 1 J 1 1 
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For our case, the classical duality group comes with r = 2. Here, 0(2,2; Z) is the target space 
duality group. The theory enjoys the non-trivial global invariance i.e identifications under target 
space duality symmetries |[215| , [36| , |216|| the PSL(2, Z)t x PSL(2, Z)u dualities acting as 

^ aT — ib a'U — ib' 

T -> , U -> . 4.23 

icT + d ic'U + d' K ' 

At special points in the moduli space of the torus the associated gauge group becomes enhanced 
to SO (4) or SU(3) as we have already mentioned in the introduction. In the presence of Wilson 
line moduli, associated with the internal torus T 2 the modular group acts as 

aT-ib . BC 

T — > — — r, U ^ U — %c 



icT + d icT + d 

icT + d ' icT + d ' ^ ^ 

with a,b,c,d, a', b' , c', tf are integers and ad — be = 1, a'6' — c'd' = 1. The same transformation 
law appears also to the transformation law of the matter fields for (2, 2) compactifications. 

Let us discuss now Calabi-Yau manifolds. In general a Calabi-Yau manifold refer to Ricci-flat 
Kahler manifolds of vanishing Chern class. The condition of vanishing Chern class on a compact 
manifold has as a consequense the existence of a Ricci flat Kahler metric. The condition of 
vanishing Chern classP 7 ] is associated with the existence of a two form p equal to p = Rfjdz 1 AdP , 
with Rfj the Ricci tensor. Vanishing Chern class means, Ricci flat metric, that Rq = 0. 

The massless modes coming from the compactification on a Calabi-Yau manifold are associated 
to the zero modes of the Laplace operator on the compactification manifold. The inner prod- 
uct is defined as < 7, 5 >= J 7 A *8. For our purpose it is enough to know that action of 
the Poincare duality operator *, in an n-dimensional manifold, transforms a p-form to an n- 
p form. The number of the linearly independent p-forms associated to the zero modes in 
the action is now the number of linearly independent p-forms that are closed but not ex- 
act. This is defined as the Betti number b p , namely b v = Y^ P + q = r h p ' q - The vector space of 
the closed p-forms modulo the exact forms is the cohomology group H P (M, R) on the man- 
ifold M, with dimension equal to the Betti number and H P (M,R). In general, we can de- 
fine a (p, q) from the wedge product. So if we have a p-form A and a q-form B, we define 
their product to be a p + q form (a A B)^,,,^ = {^■h...i p Bi 1 ...i q ) ± permutations , where 
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By definition the 1st Chern class c\(X) is defined as c\ — trR, where R is the Ricci tensor. 
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the permutations are completely antisymmetric in all p + q indices. Forms with (p, q) in- 
dices which are closed but not exact generate the Dolbeault cohomology groups H^ p ' q \X). 
On Calabi-Yau manifolds, and in general in Kahler manifolds, the Hodge-de Rham Laplacian 
Ag = 88* + 8*8 annililates the (p, q) forms. The associated cohomology groups H^(X) decom- 
pose as H k (X) = ® p+q =kH ly ' p,q) (X) . Here, H k (X) is the De Rham cohomology group fl78| which 
annihilates (p, 0) forms with Laplacian A = dd* + d*d. The dimensions of H^ p ' g \X) are the 
Hodge numbers h(p tQ ) and satisfy h^ q ) = h^ p ) and from Poincare duality h(p tQ ) = /i n _ Pi „_ 9 . The 
Euler number is given by x — J2 P , q (~^) p+9 h( Pl q). For the Calabi-Yau three folds, fo(i,o) = ^(2,0) — 
and /i(o,o) = ^(3,0) = 1 and the Euler number is x — 2(/i^ 1 ' 1 ^ — h^ 2,1 ^). Remember that for a Calabi- 
Yau threefold the Euler number is is two times the net number of chiral generations. For the K% 
surface, the Hodge numbers are foo,o = ^2,0 = ^2,2 = 1 and h^i = 20, so x(.Kz) — 24. A choice 
of complex coordinates ||45|, |145| , |154| , |180|| in a Calabi-Yau space defines a complex structure. 
Complex structure deformations are parametrized by the so called complex structure moduli 
which are associated with the variations of the metric 8gij,Sgfj. In addition, there is an ad- 
ditional form of moduli, the Kahler class moduli associated with mixed indices variations of 
the Ricci flat Kahler metric, i.e Sg^j. Variation of the metric of the Calabi-Yau space in order 
to preserve Ricci flatness, associates the quantities idgqdz 1 A dz^ to harmonic (1, 1) forms and 
iQfjdz 1 A dz^ A dz k to harmonic (2, 1) forms. Here, z % are the complex coordinates ||179|| of the 
Calabi-Yau manifold and Qij P = g p k^t% is the constant three form. Naturally, harmonicity means 
that idgqdz 1 A dz~ j = J2i=i t\4>i and 4>i £ H 1 ' 1 . In addition, iVt^dz 1 A dz j A dz k = Ya=i <h&% and 
ef G H 2 ' 1 . The four dimensional fields associated to the parameters ipi and 5i are the moduli 
of the low energy effective action. In other words, the variations of the metric associated with 
H ' cohomology correspond to the Kahler class moduli and variations of the metric associated 
with H 2,1 cohomology to complex structure moduli. For compactifications on K3 manifolds, the 
moduli space of metrics with SU(2) holonomy associated to complex and Kahler deformations 
is M. so(i9)xso(i)xso(i9 3-z) x -^ + ' w h ere R + is associated ||160|| with the volume of K3. Adding 
the moduli coming from deformations of the antisymmetric tensor we get the moduli space of 

The low energy N = 1 supergravity of type I and heterotic string theories is subject to 
amonalies coming from hexagon diagrams which prevent it from describing an anomaly free 
string theory. In this case anomalies are cancelled |194j , [193| , |144|| by the addition of appropriate 
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counterterms which modify the supersymmetry structure. Similarly, in six dimensions the total 
anomaly is associated to the eight form 

Is = OttrR 4 + 6 2 (trR 2 ) + 6 3 trR 2 trF 2 + 6 A {trF 2 f (4.25) 

where 61,62, 63, 64 are numbers depending on the spectrum |192| , |195|| of the theory. Cancellation 
of anomaly requires 6i = nu — ny + 29n^ — 273 = 0, where ny, nn, i%t are the numbers of vector 
multiplets, hypermultiplets and antiselfdual tensor multiplets respectively. Because in six dimen- 
sions we have one tensor multiplet, which incorporates the dilaton, a Weyl spinor and an antiself- 
dual antisymmetric tensor, the last constraint becomes n# — ny = 244. Now Green Schwarz 
mechanism factorization of anomalies is at work with J 8 oc — ^ 2n ^ 3w QQ, G = trR 2 — J2a v a(trF 2 ) 
andP^I Q = tr(R A R) — J2 a v a tr(F A F) a . Cancelation of anomalies requires modification of the 
antisymmetric field stregth H as 

H = dB + ijj L - 5> a w™ = tr{uoR - -u; 3 ), u YM = tr{AF - (4.26) 

a 3 3 

Here, ujl , u YM are the Yang-Mills and Lorentz Chern-Simons three forms, A the gauge field, R 
the Riemann tensor and uj the spin connection. However, because H is globally defined on K 3 , 
J K3 dH = 0. As a result, we get that the constraint 

Y> a = 24, n a = £ / (trF 2 ) a , = [ trR 2 = 24. (4.27) 

Here, the instanton number n a becomes equal to the Euler number of K3. Intially, in ten 
dimensions the unbroken group is E% x Eg x U(1) A , where the U(l)'s are associated with the T 2 
and the graviton and the graviphoton. The spectrum can be derived from index theory |148| , |192| . 
The spectrum of the theory after compactification on K3 x T 2 can be calculated [|192| using index 
theory. The gauge group G can be broken to a subgroup H, by vacuum expectation values of 
K3 gauge fields in Q, where H x Q c G. The gauge group G breaks into the subroup H, which 
is the maximal subgroup commuting with the Q subroup, the commutant of Q. We perform 
the decomposition adjG = Mi), where R iy Mi representations of the gauge groups H 

and Q respectively. Then the number of left-handed spinor multiplets transforming in the R4 
representation of H is given by 

N Ri = f -\tr Ri F 2 + ±-dim Mi trR 2 = dim Mi - r / c 2 {V)index{M i ), (4.28) 
jk 3 2 48 2 Jk 3 

118 Here, R, F are the gravitational and gauge field strengths. The coefficients v a , v a depend on the particle 
content and the sum is over the gauge group G factors G a . 
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where V is the Q bundle parametrizing the expectation values(vev's) of the vacuum gauge fields on 
K%. By C2{V) we denote the second Chern class of the gauge bundle V and dirrii the dimension 
of the representation i. In addition, the dimension of the moduli space of gauge bundles is 
Ah a — dim(Q a ), where h a is the Coxeter number of Q a and dim its rank. In a general situation 
we allow for the gauge group G to break to the commutant of ®Q, by embedding the gauge 
connections of a number of a product of gauge bundles V a with gauge group Q a into G, resulting 
in the breaking of G into the commutant of ® a Qa- In this way, we identify, for manifolds of SU(2) 
holonomy, the spin connection of K 3 with the gauge group ® a Qai breaking the G symmetry into 
H. This is the analog of breaking the gauge group E 8 , in manifolds of SU(3) holonomy, by 
the standard embedding[ |199|l of the SU(3) gauge connection into the spin connection, to the 
phenomenogically interesting Eq gauge group. Embedding an SU(2) gauge bundlej™! into one 
of the E 8 's, we get 45 hypemultiplet scalars plus a contribution of 20 from the gravitational 
multiplet, making a total of 65 hypermultiplets. In addition, we get a number of 56's in E7 
giving iV 56 = 10. 



4.2 Special Geometry and Effective Actions 

In this part of the Thesis we will describe properties of the low energy effective actions of N = 2 
effective string theories. In N = 2 supersymmetric Yang-Mills theory the action is described by 
a holomorphic prepotential F(X), where X A (A = 1, . . . ,n) are the complex scalar components 
of the corresponding vector superfields. Two different functions F(X) could correspond to equiv- 
alent equations of motion. In general such equivalences involve symplectic reparametrizations 
combined with duality transformations. 

The couplings of the classical vector multiplets with supergravity are determined by a holo- 
morphic function F(X), the prepotential function which is a holomorphic function of n + 1 
complex variables X 1 (I = 0,1, ... ,n) and it is a homogeneous function of degree two ||226 
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the fields X 1 . The general action for vector multiplets coupled to iV = 2 supergravity was first 
obtained with the superconformal tensor calculus. 

In N = 2 supergravity theories, supersymmetry demands an additional vector superfield X° 
which account for the accommodation of the graviphoton. It stands for the 1 = component of 
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Here, h{SU{2)) = 24. 
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the vector multiplets and it belongs to a compensating multiplet. The graviphoton is the vector 
component of the compensating multiplet and is the spin one gauge boson of the supergravity 
multiplet. The coordinate space of physical scalar fields belonging to vector multiplets of an 
N = 2 supergravity is described from special Kahler geometry [ |226| , [23§|| , with the Kahler metric 



9ab = dAdgK(z, z) resulting from a Kahler potential of the form 



K(z,z) ^- log (iX I (z)F I (X(z)-iX I (z) ,Fj(X(z)), Fj = —, Fj = — (4.29) 



and the Riemann curvature tensor satisfying 



R A bc D = ^c) ~ e 2K W BCE W EAD , (4.30) 

where W a Bc is a holomophic 3-index symmetric tensor given by 

W -F (x(z)) 9X I (z)dX^(z)dX K (z) 

W ABC - F IJK (X(z)) dzA) QzB (4.31) 

By choosing inhomogeneous coordinates z A the so called, special coordinates, defined by z A = X A / X 
or by X°(z) = 1, X A (z) = z A , the Kahler potential can be written as [240] 



K(z, z) = - log (2{F + ?)- (z A - z A \T A - T A )) , (4.32) 

where T{£) = i(X°)~ 2 F(X). Up to a phase, the proportionality factor between the X 1 and the 
holomorphic sections X\z) is given by exp (^K(z, z)). The kinetic energies of the gauge fields 
are 

^gaugc = _i(tf ijF +i F +^J _ tf IjF -J F -^y (4.33) 

where F^J represents the selfdual and anti-selfdual F^ v = (l/2)(F* ± FL,) field strengths pro- 
portional to the symmetric tensor 

v _ F Im(F IK )Im(F JL )X K X L gF _ 

UlJ ~ FlJ + 21 Im(i^)XW ' FlJ ~ dX^Xy 1 ~ MU ■ { M) 

Here, M is the field-dependent tensor of the gauge involved in the gauge couplings g, gjj = 
— tfij). The generalized 9 parameters 6u = 2n 2 ( y J\f I j + J\f I j). Subscripts on the F variable 
denote derivatives and repeated indices, as usual, are summed. 

The equivalence of equations of motion under different functions F(X) could describe equiva- 
lences under electric-magnetic dualities of the field strengths, and not local gauge transformations 
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to the vector potentials A v . Because for the non-Abelian case, such a duality is meaningless since 
the equations of motion cannot be made invariant under the symplectic transformations which 
will be defined in (|4.37 ), we will work with abelian gauge fields. Note, that a non-abelian gauge 
field have only electric charge. In this way, when all the fundamental fields are neutral, one can 
freely choose any integral basis for the electric and magnetic charges. 



Let us define the tensors | |226| , |241|| G^ uI as 



G 



/ivl 



(4.35) 



Then the set of Bianchi identities and equations of motion for the abelian gauge fields is expressed 
as 

<^ (F+J - F~J) = 0, 0" (G+ j - G- vI ) = 0. (4.36) 
These are invariant under the symplectic Sp(2n + 2, R) transformations 



7+1 



Tp+I ttI Tp+J i yU r~<+ 



G %I - V I G %J + WlJ F t 



+J 
liv 1 



(4.37) 



where U, V, W and Z are constant, real, (n + 1) x (n + 1) matrices. Alternatively, 



/ F +i 



U Z 



W V I \ G+l 



(4.38) 



with 



O 



def 



U Z 

W V 



E Sp{2n + 2, R) 



(4.39) 



and 



O- 1 = QO T IT 1 and Q 
The matrices U, V, W and Z, satisfy 




(4.40) 



U T V - W T Z = V T U - Z T W = 1, UTW = W T U Z T V = V T Z . 



(4.41) 



The kinetic term of the vector fields does not preserve its form under general Sp(2n + 2, R) 
transformations and only the equations of motion and Bianchi identities are in fact equivalent. 
In the case of abelian gauge fields, one can always choose a coordinate basis X 1 for which the 
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prepotential F does exist. On the other hand, in string theory, the dilaton dependence of the 
gauge couplings is explicit only in a basis where F does not exist. 

Target-space duality transformations can always be implemented as Sp(2n+2, R) transforma- 
tions of the period vectors (X/, F 1 ) of special geometry. For target-space duality transformations 
the Lagrangian is left invariant by the subgroup that satisfies W = Z = and V T = U" 1 . The 
presence of Z = and V T = U^ 1 together with the condition that W T U has to be a symmetric 
matrix provides the semiclassical transformations 

X 1 = U T jX J , F ±T = U T jF ±J , Fj = [U- l ] J jFj + W U X J , N = [U-^MU' 1 + WET 1 , (4.42) 

which may be implemented as Lagrangian symmetries of the vector fields A 1 . The last term 
in fl4.42p amounts to a constant shift of the theta angles at the quantum level. Because such 
shifts are quantized, the symplectic group must be restricted to Sp(2n + 2, Z). Such shifts in the 
#-angle do occur whenever the one-loop gauge couplings have logarithmic singularities at special 
points in the moduli space where massive modes become massless. It will be confirmed by our 
results as well later in this chapter. Constant shifts in the theta angle occur, when we encircle the 
singular line T — U at the quantum moduli space. As a result such symmetries are associated 
with the semi-classical one-loop monodromies around such singular points. An other form of 
duality transformations interchanges the field-strength tensors F* and G^j and correspond to 
electric-magnetic dualities. These transformations appear as U = V = and W T = —Z~ l , 
and M = — W M^ 1 W T , so that they give rise to an inversion of the gauge couplings and hence 
must be non-perturbative. In the heterotic string theory, such transformations represent the 
S'-dualities. 

The classical rigid field theory is not associated with field dependence of the physical ob- 
servables. However, by introducing a cut-off at the Planck scale, in the quantum theory, the 
superheavy states are integrated out leaving only the light fields. Integration of the heavy fields 
induce moduli dependence in the effective theory. In real terms, to properly describe the low 
energy theory of the physical vacuum, the field-dependent couplings of the EQFT should be 
written as complete analytic functions of the moduli fields and the dependence on all the other 
fields must be described by a truncated power series. 

Dividing the scalars as z A = X A /X° belonging to vector multiplets into moduli $ a = — iz a 
and "matter" scalars T k = —iz k , we expand the prepotential T of the theory as a truncated 
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power series in the matter scalars as 



T) = h{$) + £ / cd ($)T c T d . (4.43) 

cd 



All scalars in the non-Abelian vector multiplets may be considered as matter ||172|| and not as 



moduli, since their vacuum expectation values can induce a non zero mass for some of the non- 
Abelian fields. For such non-Abelian matter, the gauge symmetry of the prepotential requires 
for the gauge kinetic function of each non-abelian gauge group factor (a), / a &($) = 8 a bf( a )(&). 
Scalars in vector multiplets neutral under an abelian symmetry must be considered as moduli, 
otherwise as matter. For hypermultiplets in the effective theory charged under an Abelian gauge 
symmetry, the scalar superpartner of that gauge boson should be regarded as matter since its 
vacuum expectation value can in principle give masses to all charged hypermultiplets. But 
if all the light particles are neutral with respect to some Abelian gauge field, then its scalar 
superpartner is a moduli. So we divide the Abelian vector multiplets into $ a and T a such that 
all the light of the EQFT are exactly massless for T a = and arbitrary $ a . In this limit the 



heterotic string moduli space factorises in the product |181|| form Aihet = -M-iia x -Miib, where 
the moduli spaces for the type IIA and IIB represent vector multiplets. The effective quantum 
field theory must satisfy several constraints. In particular, the Wilsonian prepotential of an 
N = 2 supersymmetric theory must be a holomorphic function and expanding, 

K($, <S, U, U) = K($, $) + Eo6^( $ ' ®)U a U b + ■■■> ( 4 - 44 ) 

with 

$) = - log (2(h + 70- E Q ( $a + ® a )(dh a + a/i a )) (4.45) 

and 

Z a6 ($,$) = 4e*<*'*>Re/«*(*)- (4.46) 



The Wilsonian gauge couplings follow from eqn. fl4.34l) . In addition the vector superpartners 



of $ do not mix with the graviphoton and hence the Wilsonian gauge couplings are simply 
(dab) W = R e /afe(^ ) ) and for non-Abelian gauge fields (g^) w = Re/( a )($). In contrast, the 
vector superpartners of the moduli mix with the graviphoton and as a result the Wilsonian 
gauge couplings (gab) W , i.9ao) W an d (doo) W exhibit explicit non-holomorphic function moduli 
dependence. The complete result for the Wilsonian prepotential of iV = 2 theories, gives that it 
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is only renormalized only up to one loop order of perturbation theory on analogy with the rigid 
case. Thus, 

J7 = jM+j&)+j*np), (4.47) 

where represents the tree level prepotential, JF^ is the one loop correction while F( NP ) 
receives corrections from world-sheet instantons and other non-perturbative effects. The per- 
turbative one-loop correction to the prepotential of vector multiplets in decomposable and non- 
decomposable orbifold constructions of the heterotic string will be calculated later. Note, that 
the one loop correction to the prepotential of the vector multiplets has been calculated before, 
indirectly via its third derivative, in ||172| , |1 73|| . Analytically, 



fe(*) = /iM(*) ja^f^m + fttm, (4.48) 

and for the non-Abelian gauge group factors involved in the theory the Wilsonian gauge couplings 
read 

(9$) W = + Re/i^). (4.49) 

Renormalization is up to one loop order, as it happens in the N = 1 Wilsonian couplings 
of effective field theories. In Calabi-Yau manifolds, special geometry is associated with the 
description of their moduli spaces. We will give more details at the end of the next section. 



4.3 Low energy Effective theory of N=2 Heterotic superstrings and 
related issues 

In this section, we will describe the low energy theory of N = 2 symmetric orbifold compactified 
heterotic superstrings. In addition, we will describe properties of the effective theory of type 
II supestrings compactified on a Calabi-Yau three fold. For heterotic strings compactified on a 
six dimensional orbifold, we consider the case where the internal torus lattice action correspond 
to the top us decomposition T 4 © T 2 . The moduli space of the torus is parametrized by the 
usual moduli T and U. These moduli are part of the vector multiplet moduli space. Properties 
concerning the moduli space of such theories have already been discussed in section 4.2. Theories, 



with the same structure including e.g N=2 orbifold compactifications of the heterotic strings pO 



and N=2 heterotic string compactified ||148| on the K 3 x T 2 . The low-energy theory describing 



any classical (2, 2) vacuum includes the gravitational sector, containing the graviton, dilaton the 
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axion and the superpartners, together with the E$ ® E% gauge multiplets and a set of chiral 
superfields which constitute the 27, 27 representations of E§ matter fields. In addition, world 
sheet supersymmetry demands that each 27, 27 supermultiplet of matter fields is accompanied 
by an E$ singlet moduli superfield, representing the moduli [^]. These moduli in the case of 
Calabi-Yau threefolds correspond to the deformation parameters of the Kahler and complex 
structure. Note, that (2, 2) symmetric orbifold compactifications of the heterotic string flow to 



their Calabi-Yau counterparts, after blowing up the twisted moduli scalars[^, 301 ] associated 
with the fixed points of the orbifold. Twisted moduli are not neutral with respect to the gauge 
group of the (2, 2) theory and will not considered here, as they will not be involved in our 
discussions. The Kahler function K characterizing the general heterotic (2, 2) compactifications 



has the following power expansion ||52|| in the matter fields K = S + . . ., where . . . represent a 
power expansion in terms of matter fields and S has a block diagonal structure in (1,1) and 
(2, 1) moduli, i.e, £ = E^ 1 ' 1 ) + X^ 2 ' 1 ) The neutral moduli of heterotic string compactifications 
are coordinates in a manifold with real dimension 2(h^ 1 ' 1 ^ + h^ 2 ' 1 ^ + 1). The additional complex 
dimension refers to the dilaton axion system. In reality, in all heterotic (2, 2) compactifications 
the moduli spaces for the (1, 1) and (2, 1) moduli spaces are special Kahler spaces and the Kahler 
potential must be treated using the lanquage of special geometry. 

The axion is subject to the discrete Peccei-Quinn symmetry to all orders of perturbation 
theory. Since the axion is connected through a duality transformation to the antisymmetric 
tensor field, whose vertex operator decouples at zero momentum, this means that every physical 
amplitude involving at zero momentum is zero. As a result the effective theory of the 
heterotic superstring is independent of the field B^ v at zero momentum and the coupling of field 
appear only through its derivative. The dilaton and the axion belong to a vector multiplet. 
Since the axion couples to the dilaton D via the complex scalar S, which we will refer next as the 
dilaton, we conclude that any dependence of holomorphic quantities, e.g the Wilsonian gauge 
couplings, will be through the combination S + S. However, these argument sP 7 ] are not valid 
non-perturbatively. The structure of the heterotic vector multiplet moduli space is given by the 

120 They are the highest components of chiral primary fields of the left moving superalgebra. 

121 Related discussion related to the expected corrections to the holomorphic superpotential will be discussed in 

chapter five. 
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coset manifold based on the symmetric space |238| 



SU(1,1) 



50(2,71-1) 



U(l) SO(2)xSO(n-l)' 
The first factor corresponds to the dilaton. The prepotential for this space reads 

X 1 



F(X) 



x 2 x 3 -J2(x 

7=4 



I\2 



(4.50) 



(4.51) 



X 4 + 3 



—i- 



(i = l,...,P) 



(4.52) 



while the values of the moduli are identified as 

with the remaining X 1 , C a = —iX a+p+3 /X°, a = p + 4, . . . , n to correspond ||248| , [227|| to matter 
scalars. Fron the values of the moduli previously given, it follows that the the Kahler potential 
is 

k = -log {{s + s)[(r + f)(u + u)- Y^ift + W - E(c a + c" 1 ) 2 ) ( 4 - 53 ) 

while we get in terms from quantities defined previously that 

h(o)= sfru-^yy f (o) =S, K — — \og{S + S) — log[(T + T)(U + U) 



(T + T)(U + U)-Ei(<l> i + 



(4.54) 



Especially for the non-Abelian factors in the gauge group G (or more generally any non-moduli 
vector multiplets) the tree- level gauge coupling is universal ||317|| . In the language of special 
geometry, comparing ( |4.54| , |4.49"D we conclude that dilaton's vacuum expectation value, g7? = 
ReS. 

If we examine the various couplings for the vector superpartners of the moduli we see that the 
couplings involving the coupling of the dilaton with itself and the moduli T,U or the graviphoton 
are not become weak in the large dilaton limit as they should be. This is a sign that we are using 
a wrong symplectic basis. By changing to an other symplectic basis, e.g replacing the Fg V with 
its dual field strength, we find that the couplings are now weakly coupled in the large-dilaton 
limit. In this way, we are using a basis and (X 1 , Fj) — ► (X 1 , Fj) where 



X 1 = X 1 fori ± 1, X 1 = F u Fj = Fj for I±\,F X 



-X 1 



(4.55) 
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and the components of the symplectic matrix O are defined as 









{ 


X K \ 












V 






I 


F L ) 



(4.56) 

The elements of O are as in (|4.39|) and obey 

Uj = Vf = 5 T j for J, J ^ 1 , Z 11 = 1 , W n = -1 (4.57) 
In this new basis, the prepotential does not exist, since in the new basis the matrix Sj has zero 



determinant and the definition of a prepotential is meaningless [ 227 |. In the transformed basis, 
the Kahler potential for the moduli and the gauge couplings are found to be[ |172| | 



= K = - log(5 + 5) - \og(2(z J VjI z) 
Vik Vjl [z^z + z z n ) 



Mu = -2iSr}u + 2i(S + S) 



-• (4-58) 

In the transformed basis the couplings behave strongly in the small dilaton limit. In this limit, 
the target space dualities of iV = 2 heterotic string vacua leave the classical lagrangian invariant, 
under transformations when W = Z = and If, V G 50(2,2 + P). In fact, it is clear that 
the Kahler potential is invariant under symplectic transformations which act on the (X^Fj). 
Moreover, in the absence of the one loop correction to the prepotential, we can use the PSL(2, Z)t 
target space duality symmetry subroup of the full symmetry group of toroidal compactifications 
to study the transformation behaviour of the period vectors of special geometry. In sum, in the 
symplectic basis X J ,Xj, we get that the corresponding symplectic matrices are given by 



U 



(d 

b 


Vo 




a 




c 

a 



-c 






-b 



d 





\ 





Ipj 



V = (£/-) 



T\-l 



/ a 


-c 


V o 





d 



b 







d 








c 

a 




\ 






lpj 



(4.59) 



while W 
follows 



Z = 0. Especially under the generator^ : T — > t^tj G Tj, we get that U is defined as 



9i' U 



I 1 






1 




-1 



i o\ 

-1 
1 
I J 



V={U 1 



( 1 \ 

10 1 

-10 

\ 1 J 



(4.60) 
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(4.61) 

In a similar way we can derive the matrices corresponding to the generators for Tg, g 2 : T — > T+l. 
Considerations involving the calculation of the full quantum duality group r°(3) will not included 
here. 

In Calabi-Yau manifolds, special geometry is associated with the description of their moduli 
spaces. In type IIB, the if 2,1 cohomology describes the deformation of the complex structure 
of the Calabi-Yau space M.. Now the Kahler metric for the (2, 1) moduli is defined^ from the 
Weyl Peterson metric f4"5|, |154| , |155| , |18U[ | cr^ , namely 



G ij = <T ij /(i( MAtt)), (4.62) 

J M 

where 

<Pi = (l/2)p ikX pdx k dx k dx x dx p , a {j = <pi A (pj (4.63) 

J M 

and ipikxp = (dgp^/dt l )Q%\. Here, £j = 1, . . . , 62,1 an d G^ = —didj(i J M Q A Cl). The three form 
tensor Q is given in terms of the holology basis a, (3 as Q = X 1 oti + iFift 1 . The complex structure 
is described by the periods of the holomorphic three form Q over the canonical homology basis. 
Here, the periods are given by X 1 = J A i Q, iFj = J B i Q the integral of the holomorphic three 
form over the homology basis. The Kahler potential comes from the moduli metric 

Gij = -ididj{i J fi A Cl}, K = - log(X 7 F J + X^i). (4.64) 

Now the Riemmann tensor is defined as 

Rfjkl — GfjG k i + GiiG k j — CiknC]inG nn e 2K , (4.65) 

where the expression of the Yukawa couplings in a general coordinate system are given by 
C = J QAdidjdk^l, di = d/dz % . The holomorphic function F does not receive quantum corrections 
from world-sheet instantons and as a consequence neither the the Kahler potential derived from 
it. Calabi-Yau threefolds can be constructed among other ways as a hypersurface or as a complete 
intersection of hypersurfaces in a weighted projective space P N (w). Remember, that the complex 
projective space CP N is the space defined by the homogeneous complex coordinates Z\, . . . , Zjv+i 
which obey (Z\, . . . , Zn+i) = (X Wl Zi, . . . , \ Wn+1 Zn + i) for complex A. The threefold is obtained 
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In the rest of the section the notation for the special coordinates is as follows, Z l = —iX i /X°. 
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from the CP 4 , the quintic with |[L96|l the general equation oik 1 k 2 k 3 k i k 5 x k 1 x k 2 x k z x k i x i 5 = while 



the K 3 can be obtained from the &k 1 k 2 k 3 k i x k 1 x k2 x k3 x k4, = 0> i n projective P 3 and P 2 respec- 
tively(rp). They describe complex manifolds parametrized by 135 and 35 complex coefficients 
rp, which after removing an overall redundancy they give 101, 19 elements of H^ 1 ' 1 ' rp. 
The weighted projective space P N (w) is defined by the conditions on the homogeneous coordi- 
nates (Z t , Z N+1 ) =° (A*, . . • , A^+i) and P N {X d 'Z 1 , X dN + 1 Z N+1 ) = f {c* = C N+1 /{Z 1 = 
0, . . . , Zn + i = 0)}. The last condition, exludes the origin of the complex space. The di are the 
weights and the sum of the weights is the degree of the variety. 

4.4 * One loop correction to the prepotential from string amplitudes 

4.4.1 One loop contribution to the Kahler metric - Preliminaries 

The one-loop Kahler metric for orbifold compactifications of the heterotic string, where the 
internal six torus decomposes into T 2 @T 4 , was calculated in [159. In this section, we will use the 



general form of the solution for the one loop Kahler metric appearing in |56|. |173|| to calculate the 
one loop correction to the prepotential of N=2 orbifold compactifications of the heterotic string. 
While the one loop prepotential has been calculated with the use of string amplitudes in ||173|| ), 



in my Thesis I will provide an alternative way of calculating the one-loop correction ||172| , |173|1 to 



the prepotential of the vector multiplets of the N=2 orbifold compactifications of the heterotic 
string. Note that in the following we will change notation, following the spirit of the calculation 
in [|173| , namely all moduli fields, including the dilaton, are rescaled by a factor of i, P — > iP. 

In this section, we will describe the background theory of the one-loop contribution to the 
Kahler metric. For this purpose, we will use not the standard sup er gravity [|25 5| lagrangian up 



to two derivatives in the bosonic fields, described by the superconformal action formula 

e -i£ = -hs S e-& z &) D + ([S 3 ] F + h.c) + \ ([f ab (Z)W a W b ] f + h.c) (4.66) 



2 L ^ ) 4 

with matter decsribed by chiral multiplets Zi only. Instead, we will use the linear multiplet 
formulation f84], [217| , |56|| . Note that both formulations are equivalent, since the linear multiplet 



can always be transformed in to a chiral multiplet by a supersymmetric duality transformation. 
In eqn.( }4.66D , S Q is the chiral compensator field, and G(Z, Z) = K(Z,Z) + log |w(Z)| 2 the 



gauge kinetic function, where K is the Kahler potential and w the holomorphic superpotential. 



-118- 



In addition, W a is the chiral spinor superfield of the Yang-Mills field strength F^, and D, F 
subscripts refer to the vector density and chiral density in superspace. 

In the superconformal formalism ||218|| , the action for the linear multiplet is given up to one 
loop order by 

C = -(SoS f 2 (^)-h-^ + + (S 3 Q w) F (4.67) 

where now the gauge kinetic function is given by G^°\z, z) + lG^'(z, z). The vev of / is the four 
dimensional gauge coupling constant g 2 . 

Eqn. ( f4.67p does not have the the gravitational kinetic energy oc R term to its canonical form. 
Instead, the chiral compensator field is used to properly normalising its coefficient, procedure 
which fixes the value of the compensator field. The advantage of using the linear multiplet 
instead of the chiral multiplet in eqn. (|4.66j ) is that it provides an easy way of calculating [^B] 
one loop corrections to the Kahler metric. An easy way to see this comes from the following 
equationp 3 !, which includes the bosonic kinetic energy terms, 

Clonic = -^d^ldn + - Gijd^z 3 - \{G l3 dz 3 - (; il O„z' )h> 1 . (4.68) 

The last term in eqn.( |4.68"D reveals that the one loop correction to the Kahler metric G z ^ will 
come by calculating the CP-odd part of the amplitude between the complex scalars and the 
antisymmetric tensor b^ v 

< z( Pl )z(p 2 )b^(p 3 ) > odd = %e^ VlxV2p G { H (4.69) 

Here, G is the Kahler metric and h^ 1 = \e^ vXp d v b\ p is the dual field strength of the antisymmetric 
tensor field b\ p . 

The amplitude receives contributions only from N=2 sectors. We are not considering con- 
tributions to the Kahler metric which arise from N — 1 sectors, since these contributions arise 
only in N=l orbifold compactifications of the heterotic string. Here, we are only interested in 
the geometry underlying the N = 2 sectors. 

Lets us suppose that the internal six dimensional lattice decomposes into T 2 © T 4 , with the 
T 2 inside the unrotated plane. Compactifications of the heterotic string in four dimensions with 
N = 2 supersymmetry involve a U(l) x U(l) gauge group from the untwisted T 2 unrotated 



12:5 



Coming by expanding eqn. (4.67). 
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subspace. This plane is parametrized f36H in terms of moduli T, U. For special points in the 



moduli space, namely the T = U line the gauge group becomes enhanced to SU(2) x U(l). It can 
become enhanced to 5*0(4) or SU(3) along the T = U = i or T = U = e 2m ^ lines respectively. 
In this subspace of the Narain moduli space, we will be interested mostly, to calculate the moduli 
dependence of the one loop correction to the prepotential. Denote the untwisted moduli from a 
N = 2 sector by P, where P can be the T or U moduli parametrizing |36| the two dimensional 



unrotated plane. Then the one loop contribution! 5C] to the Kahler metric is given by 

■PP = 7 F ^ W ^ 1 = J^d f (r 2 Z)F(f). (4.70) 



G 



Here, the integral is over the fundamental domain, and the factor ^p+pyz is the tree level moduli 
metric Gp i barP - Z is the partition function of the fixed torus 

Z= £ fWfkft, q = e^T = T 1 + T 2 , (4.71) 

and Pl, Pr are the left and right moving momenta associated with this plane. F(t) is a moduli 
independent meromorphic formP^I of weight —2 with a single pole at infinity due to the tachyon 



at the bosonic sector. The function F was fixed in ||173|| to be 



F(r) = JWb-W-JMl [ (4.72) 

Jt{t) OT 

where j the modular function for the group SL(2, Z). 

4.4.2 * Prepotential of vector multiplets/Kahler metric 

For the calculation of the prepotential of the vector multiplets we will will follow the approach 
of [ 173|| . Recalling the general form of the prepotential eqn.( [4.45| ) 



K = -\n(iY), F = STU + f(T, U). (4.73) 



The lagrangian ([4.67 ) may be related to the chiral multiplet one (|4.66|) , by a duality transfor- 



mation. We introduce the dilaton S as a Lagrange multiplier into Q4.67 ), e.g (£ — L(S + S)/4) D . 
Using the equation of motion for S we get 

(£ - LdC) D = ^S S e-%. (4.74) 



124 A function f is meromorphic at a point A if the function h, h(z) = {z— A)f(z) is holomorphic (differentiable) 
at the point A. In general, this means that the function h is allowed to have poles. 
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In this form the Kahler potential has an expansion as 



K = -1n{{3 - S) - 2G (1) } + G (o) 



(4.75) 



Expanding |4.71| ) 



*pp ( S _s)^rr> u tt 2 (T-f) 2 



2i 



t(i) 



Using the equations for the momenta 
1 



& 



T 



T-T 



du- 



ll -U 



f + c.c. (4.76) 



PL 



V2JmTImU 



[mi + m 2 U + n{T + n 2 UT) , p R 



1 



V2ImTImU 



[mi + m 2 [/ + riiT + ri 2 T£7) 

(4.77) 



we can prove that X satisfies [|5B| the following differential equation 



{d T df + 



(T - T) : 



4 



(T-T) 5 



/ rf 2 rT(f)9 r (^ + -9 f )(r 2 ]T g p ^V |/2 )- (4.78 
7 T2 Pl,p« 



The integral representation of eqn. fl4.78|) is a total derivative with respect to r and thus zero. 
However, the integral can give non-vanishing contributions at the enhanced symmetry points 
T=U . Solving ( ^4.78| ) away of the enhanced symmetry points gives 



{d T d T + - 2 -.a x = {djjd v + — 2 rn j x = o. 



(4.79) 



(T-T) 2J 1 u u (u-uy- 

The singularity structure of ( |4.79| ) at the enhanced symmetry pointQ will be taken into consid- 
eration later in its integral representation. The general solution of the ( |4.77|) is [|1 73| 



j -^r-(r 1 T), 



{{di 



1 )f(T,U) + (d D + —^y-)f(T,U} + c.c. (4.80) 



U-U) 



U-U' 



It can be shown [ 175 ] that / is zero. Note that f represents the one-loop correction to the 
prepotential of the vector multiplets T, U and determines via eqn.( f4.76[) the one loop correction 
to the Kahler metric for the T, U moduli. In ||1 73|| it was shown function f(T, U) of ( 4.80|) 
satisfies the differential equation 



i{U - U)D T d T dfjl = 8$.f, 



(4.81) 



125 Enhanced symmetry point behaviour at a general point in the moduli space has been examined in chapter 



three. Direct application to the momenta of eqn's.( 4.77 ), shows that they correspond to the lattice points 
TU2 = —rii = ±1, mi = n.2 = and gauge group enhancement from U(l) x U(l) — > U(l) x SU(2). 
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where Dt = <9t + (fey) * s the covariant derivative. Expansion of the l.h.s and integration by 
parts results in 

Ittt = J d 2 rF(f) £ Pjfyfiftf^. (4.82) 



Pl,Pr 



Examination of the behaviour of the r.h.s of eqn.( |4.82|) under separately modular transformations 



SL(2,Z)t , SL(2, Z)u, together with examination of its singularity structure at the enhanced 
symmetry point T—U, uniquely determines the well known solution of the third derivative of 
the vector multiplet prepotential. Remember that we examine the behaviour of the prepotential 
including the region of the moduli space where we have gauge symmetry enhancement to U(l) x 
SU(2). 

For N=2 heterotic strings compactified on decomposable orbifolds 

Sttt= ji M-n smxstnxsm-m. (483) 



In [ 172 , |173| Jttt was determined by the property of behaving as a meromorphic modular form 



of weight 4 in T. In addition, Jttt had to vanish at the order 2 fixed point U —i and the order 
3 fixed point U—p of the modular group SL(2, Z). Moreover, it had to transform with modular 
weight —2 in U under SL(2, Z)u transformations and exhibit a singularity at the T=U line. The 
prepotential function for the fuuu is obtained by the replacement T <-> U. 

Here, we find the the equation for fuuu- m simple form 

dfjf = fuuu = —i(T - T) 2 d T DuduI, (4.84) 

where Du = du + uz^]-, the covariant derivative with respect to U variable, transforms with 
modular weight 2 under SL(2, Z)u modular transformations, namely 

sl(2,z) v aU + b 2 
U -> D v -> (cT + d) D v . (4.85) 

cU + a 

We should notice here, that because of the symmetry exchange T — > U, the result for fuuu comes 
directly from fl4.83| ), by the replacement T —> U. However, this can be confirmed by the solution 



of ( [4.841 ). In addition, we will find the differential equation for the function f. The calculation of 
the prepotential f comes from the identity 

(f) proj = 2t(T - ff{U - Ufdtjdfl. (4.86) 
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Explicitly, 

(f) proi = 2i{T - ff{U - Ufd d T ( fldr(r 2 Z)F(f). (4.87) 

Jt r| 

As we can see the one loop correction to the holomorphic prepotential comes by taking derivatives 
of X with respect to the conjugate moduli variables from which the holomorphic prepotential does 
not have any dependence. The holomorphic prepoetential is defined projectively, by taking the 
action of the conjugate moduli derivatives on the holomoprhic part of the one loop Kahler metric 
integral X. In this way, we always produce the differential equation for the f function from the 
string amplitude. In addition, the solution of this equation calculates the one loop correction to 
the Kahler metric. Using now, the modular transformations of the momenta 

(ft, ft) SLi ^ (§±^) ' (ft, ft), (ft, ft) ^ (f£j) ' (ft, ft), (4.88) 

we can easily see that the one loop prepotential has the correct modular properties, it transforms 
with modular weight —2 in T and —2 in U. Eqn. (|4.86| ) is the differential equation that the one 
loop prepotential satisfies. The solution of this equation determines the one loop correction to 
the Kahler metric and the Kahler potential for N = 2 orbifold compactifications of the heterotic 
string. Compactifications of the heterotic string on K 3 x T 2 , appears to have the same moduli 
dependence on T and U moduli, for particular classes of models [ fL73| , |148j , |184| , |182|| . Formally, 
the same routine procedure, namely taking the derivatives with respect to the conjugate T and 
U moduli on I, can be applied to any heterotic string amplitude between two moduli scalars 
and antisymmetric tensor, in order to isolate from the general solution ( |4.86| ) the term f(T, U). 



The solution for Jttt in eqn.( f4.83|) was derived for N = 2 compactification of the heterotic 



strings in ||1 73|| via the modular properties of the one loop prepotential coming from the study of 
its integral representation fli.82 ). Specific application for the model based on the orbifold limit 
of K 3 , namely T 4 /Z 2 , was given in |pL 30|| . At the orbifold limit of K 3 compactification of the 
heterotic string the Narain lattice was decomposed into the form T 22 ' 6 = T 2 ' 2 © r 4,4 © r 16 >°. It 
was modded by a Z 2 twist on the T 4 part together with a Z 2 shift 5 on the I^ 2 ' 2 ) lattice. For 
reasons of level matching 5 2 was chosen to be 1/2. By an explicit string loop calculation via the 



one loop gauge couplings in |130|1 , from where the one loop prepotential was extracted with an 
ansatz, they were able to calculate the third derivative of the prepotential. It was found to agree 
with the result of |[L72| , |173j| which was calculated for the S-T-U subspace of the vector multiplets 



of the orbifold compactification of the heterotic string. 
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L — L — 

In reality, F(t) is the trace of F(—l) F q °~ 24g °~ 2i/r](f) over the Ramond sector bound- 
ary conditions of the remaining superconformal blocks. For the S-T-U model with instanton 
embedding (^1,^2) — (0,24) the supersymmetric index was calculated in [|130|1 in the form 

\Tr R F(-l) F q L °-%q L °-% = -2z^^, (4.89) 

where F is the right moving fermion number. Expanding I we get that 

Z =(-»*•)/— (p£- J-)F(f). (4.90) 
J r 2 2ttt 2 



Specific tests of dual pairs were performed, in the spirit of [|130|| , in |[200| , [20 1| , |202| , |203| , |204 



Particular examples of calculating the prepotential for dual pairs will not be performed here. 

We have said that one important aspect of the expected duality is that the vector moduli 
space of the heterotic string must concide at the non-perturbative level with the tree level exact 
vector moduli space of the type IIA theory. For the type IIA superstring compactified on a 
Calabi-Yau space X the internal (2, 2) moduli space, N = 2 world-sheet supersymmetry for the 
left and the right movers, is described, at the large complex structure limit of X, by the Kahleip^ 



moduli, namely B + iJ e H 2 (X,C), where B + iJ = Yh=i (1, + iJ) a e a with B a , J a real 
numbers and t a = (B + iJ) a representing the special coordinates and e a a basis of H 2 (X,C). 
In the content of the moduli of the Calabi-Yau space of X, the holomorphic prepotential at the 
large radius limit takes the form 

F = ~\ E (A, • D a ■ Djtjfa - £ n dXr ,., dn Ch{TiU<£ ), (4-91) 

where Ciz(x) = J2j>t js- The first term in eqn.( |4.91| ) is a product of the the Calabi-Yau divisors 
D, associated to the basis e a , and the second term|^5| represents world-sheet instanton contri- 
butions. The rifa^dn are the world sheet instanton numbers. Performing duality tests between 
a heterotic model and its possible type IIA dual is then equivalent to comparing the weak cou- 
pling limit of the prepotential ||148|| of the vector multiplets for the heterotic string with the large 
radius limit of (|4.91|) . After identifing the heterotic dilaton with one of the vector moduli of the 
126 Let us consider the target space of a complex manifold A4 with dimension n. Choose coordinates on A4, (f> m 
and cj) m . Then M admits a Kahler structure if we can define a (1, 1) form J with the property J — iGimd(j) m A d<j)i 
where for a Kahler manifold the metric is GW = d^mdz K — and the Kahler potential is K. 
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type IIA model in the form t s = (B + iJ) s = 4-niS, the type IIA prepotential takes the general 
form| |154| 

T ^ n +A,B,C XC(3) r n 2wi[Y u d k t k ] (a no \ 

•Fii A = --C AB ct t t - }^ n du...,dnU 3 e [ ^ J , (4.92) 



def 

where we are working inside the Kahler cone g§, [TS§ a = J {Ept p J P \t p > 0}, where J p generate 
the cohomology group H 2 (X, R) of the Calabi-Yau three fold X. In a particular symplectic basis 
eqn. fl4.92 ) can be brought in the form[183 



CABct A t B t c 



6 



r T. 



A=l 



24 



(4.93) 



where C2 ■ Ja = fx c 2 A ■/a i s the expansion of the second Chern class of the Calabi-Yau three fold 
in terms of the basis J\ of the cohomology group if 4 (X, R) . The cohomology group if 4 (X, R) 
is dual to the H 2 (X,R), namely J x J A A Jb = Sab- I n HHI h was noticed that the nature of 
type II-heterotic sting duality test has to come from the K 3 fiber structure over P 1 of the type 
IIA side. The form of the K3 fibration can be found fll84| , p.82j] by taking for example the CY in 



P 4 (l, 1, 2&2, 2/C3, 2/C4) and then set x Q = Xx\. After rescaling x\ — > x 1 ^ 2 we arrive at the equation 
for the hyper surf ace 

F(X)Zf + Zt /k2 + • • • = 0. (4.94) 

The degree d = 1 + ^2 + ^3 + ^4- For generic values of A eq. Q4.94 ) is a K3 surface in weighted P 3 . 
So P 4 (l, 1,2^2,2^3,2^4) is a K 3 fibration fibered over the P 1 base which is parametrized by A. 
At the large radius limit of X, in ( |4.93| ) , the heterotic dilaton S is identified as one of the vector 
multiplet variables as t s = AniS. Confirmation of duality between dual pairs is then equivalent 



to the identification 146 



•F iia = Fn A (t s , f) + Fn A (?) = JUS, (j) 1 ) + T } 



heti 



(4.95) 



Here, we have expand the prepotential of the type IIA in its large radius limit, namely large t s . 
In the heterotic side, we have the tree level classical contribution as a function of the dilaton S 
and the vector multiplet moduli $ 7 , in addition to the one loop correction as a function of only 
the <3> 7 . The general differential equation for the one loop correction to the heterotic prepotential 
J'hl was gi ven before by eqn.( |4.86|) . Summarizing, the existence of a type II dual to the weak 
coupling phase of the heterotic string is exactly the existence of the conditions [|189| 



0, D R 



for every i, . 



(4.96) 
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Moreover, from eqn. fl4.54|) we see that the tree level heterotic prepotential can be expanded |23 
in the form 

T {o) = -S(r Hj M i M j - di.Q'Q- 7 ), Vij = diag(l, -1, . . . , -1), (4.97) 
from which we can infer that 

sign(D sij ) = (+,-,...,-) = sign^). (4.98) 

However, there is another condition which will be usefull. It originates from the higher derivative 
gravitational couplings of the heterotic vector multiplets and the Weyl multiplet of conformal 
N = 2 supergravity [|197|1 . The relevant couplings originate from terms in the form g~ 2 R 2 G 2n ~ 2 , 



where R is the Riemann tensor, G the field strength of the graviphoton. The g n couplings obey 
g~ 2 = ReF n (S, M l ) + . . .. The same of couplings appear in type II superstring |[197| , |198|| . In the 
heterotic side they take the form 

F n = F {0) {S, Mi) + F\M i ) + F NP {e~ 8n ' 2s , AP), Fi = 24S, F°> t = const, (4.99) 

where S is the heterotic dilaton and M l the rest of the vector multiplets moduli. Such terms 
appear as well in the effective action of type II vacua and they have to match with heterotic 
one's due to duality. In the large radius limit the higher derivative couplings satisfy(the lowest 
order coupling) F\ — > — -jj J2 a (D a ■ C2)t a , where C2 is the second Chern class of the three fold X. 
Because at the tree level, g\ = ReF\ we can infer the result that 

D a -c 2 (X) = 2A. (4.100) 



The last condition represents ||189|| the mathematical fact that the Calabi-Yau threefold X admits 
a fibration $ such as there is a m ap X — > W, with the base being P l and generic fiber the K 2 
surface. Furthermore, the area of the base of the fibration gives the heterotic four dimensional 
dilaton. 



4.5 * One loop prepotential - perturbative aspects 



Since we have finished our discussion of the general properties of the N = 2 heterotic strings, we 
will now discuss the calculation of the perturbative corrections to the one loop prepotential. 
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Let us expand at the moment the expression of eqn. (|4.43| ) around small values of the non 
moduli scalars C a as in ( }4.53p and ( |4.54j ) 



F = - S (TU - ]T <PY) + h^(T, U, <j>% f {a) = S + f {a) {1 \T, U, P), (4.101) 

where the functions hP^ and ffty enjoy a non-renormalization theorem, namely they receive 
perturbative corrections only up to one loop order. Its higher loop corrections in terms of the 
1/(5' + S) vanish, due to the surviving of the discrete Peccei-Quinn symmetry to all orders of 
perturbation theory as a quantum symmetry. For the same reason, //7 receives corrections, 
only up to one loop level. The one loop prepotential, if we expand it in the general form 
F(X) = H<-°\X) + H^\X) with H^(X) = -i(X°) 2 Q^ where the superscripts denote tree 
lavel and one loop corrections respectively gives us through relations related to the basis X 1 , Fj 
that the following relations are valid 

F 7 = -2iS u X J + H (1) T , H {1 \X) = ^FjX 1 (4.102) 

with 

H (1) I = dH {1) /dX I (4.103) 

The loop corrections to the prepotential have to take into account the generation of the discrete 
shifts in the theta angles due to monodromies around semi-classical singularities in the quan- 
tum moduli space where previously massive states become massless. In this way, the classical 
transformation rules of fl4.59|) become modified to 

X 1 -> IJ] Fj -> V/ + WuP J (4.104) 

with 

V = U T ~\ W = VA, A = A T . (4.105) 

and U G 50(2, P + 2, Z). In the classical theory A = but in the full quantum theory around 
a singularity, the closed monodromy gives rise to Fj —>■ Fj + AjjFj and the transformation rule 
of the one loop prepotential becomes 

H {1 \X) = H {1) (X) + 1/2A IJ X I X J . (4.106) 

As a consequence, the one loop prepotential changes by a quadratic polynomial in T and U 
when moving around a semi-semiclassical singularity. In the lanquage of special geometry this 
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readsf|l72| 

f(T, U) - (icT + d)~ 2 (f(T, U) + n(T, U). (4.107) 

A special aspect of the theory is related to the transformation rule of the dilaton. At the level 
of string theory the dilaton vertex has a fixed relation to the vector tensor multiplet and it is 
invariant under any symmetries of the string theory. However when we are discussing the vector 
multiplet which is dual to the vector tensor multiplet the dilaton is no longer invariant under the 
perturbative symmetries of string theory and is receiving perturbative corrections. It follows via 
the relations (|4.103[), (|4.104p and the relation X 1 = — JFj = — iSX° that the dilaton transforms 



as 

S^S = S + '^ Hjm+A ^"\ (4.108) 

UfX 1 

But if we insist in keeping the dilaton invariant then we can define an 'invariant' dilaton as 

S mv = S+ [W'HjjM + L] , (4.109) 

where L obeys L — > L — ir] IJ Ajj. We will find now the transformation properties of the non- 
moduli gauge couplings /( a )($). When we are discussing about the physical properties of a low 
energy theory, we have to distinquish about the momentum dependent physical gauge couplings 
and the Wilsonian gauge couplings. The effective gauge couplings account for all the quantum 
effects both at high and at low energy. As a result the low energy effects due to massless particles 
give rise to non-holomorphic moduli dependence of the effective gauge couplings and to all orders 
of perturbation theory it has been found |86[ that 



b M 2 

g a - 2 ($, $,p 2 ) = ite/ (a) ($) + (log — P + $)) + constant. (4.110) 



Finally the Wilsonian couplings /( ) transform as 



/ ( $) - / ( $) - ^ \og(U jX J /X°). (4.111) 

In that case, under target space duality 

aT — ib 

T -> — U^U, 

icT + a 

h(T,U)^ HT '^ T + + ^ U \ f a (S,T,U)^f a (S,T,U)-^log(icT + d) (4.112) 
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and a similar set of transformations under PSL(2, Z)jj. The net result is that d^h^'(T, U) is a 
singled valued function of weight —2 under U-duality and 4 under T-duality. 

We turn now our previous discussion to the case of N = 2 orbifold compactifications of six 



dimensional heterotic string vacua |80| . The one loop correction to the prepotential of vector 
multiplets for the subspace of the Narain lattice corresponding to the T, U moduli of the decom- 
posable T 2 torus has already been calculated in [fL72| , |173| . In explicit form may be derived from 
eqn.( [4.83| ). In this section of the Thesis we will discuss the calculation of the prepotential for the 
case where the moduli subspace of the Narain lattice associated with the T, U moduli exhibits 



a modular symmetry group T°(3)t x T°(3)u- The same modular symmetry group appears|60| in 
the N = 2 sector of the N — 1 (2, 2) symmetric non-decomposable Z 6 orbifold defined on the 
lattice SU(3) x SO(8). In the third complex plane associated with the square of the complex 
twist (2, 1, — 3)/6 the mass operator for the untwisted subspace was given to be 

1 



,2 _ 

mi,m2,ni,n2 G Z 



mr = Y \TU'n 2 + T ni - U'm x + 3m 2 | 2 . (4.113) 

2T 2 U 2 



Any (2, 2) orbifold will flow to its Calabi-Yau limit after giving vacuum expectation values 
to its twisted "moduli" scalars pOTf . In this limit, the corresponding Calabi-Yau phase exist. 
Let us forget the N = 1 orbifold nature of the apppearance of this N = 2 sector. Then its low 
energy supergravity theory is described by the underlying special geometry. The question now is 
if calculating the prepotential using its modular properties and the singularity structure, as this 
was calculated for decomposable orbifold compactifications of the heterotic string [ 172" ], there is a 
type II dual realization. We believe that it is the case. In the analysis of the map between type II 



and heterotic dual supersymmetric string theories [ 20 7 , 184 1 it was shown that subgroups of the 
modular group do appear. In particular in one modulus deformations of K 3 fibrations the modular 
symmetry groups appearing are all connected to the T (N) + , the subgroup of the PSL(2, Z), the 
r o (iV) group together with the Atkin-lehner involutions T — > j^. In certain [ |T8"4}] type II models, 
e.g the surface X 24 (l, 1, 2, 8, 12)3 480 , the K% fiber is a two moduli system X 12 (l, 1, 4, 6). In a 
certain complex structure limit the K% fiber degenerates to a K% elliptic fibration Xe(l,2,3), it 
look locally as a torus, over P 1 with modular groups connected to e.g T(3) and T(2). We expect 
that the same prepotential, beyond describing the geometry of the N = 2 sector of Zq in exact 
analogy to the decomposable case, may come form a compactification of the heterotic string on 
the K 3 x T 2 . An argument that seems to give some support to our conjecture was given in 
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188 1 . It was noted by Vafa and Witten that if we compactify a ten dimensional string theory 
on T 2 x X, where X any four manifold, acting with a Z 2 shift on the Narain lattice we get the 
modular symmetry group T (2)t x T (2)jj. They even describe the Narain lattice that exhibits 
this symmetry. In this respect it is obvious that our calculation of the prepotential which we 
present in this Thesis, may come from a shift in a certain Narain lattice of T 2 . We suspect 



that this is a Z 3 shift but we were not able to prove it. From the mass operator (|4.113|) we 
deduce that at the point T = U in the moduli space of the T 2 torus of the untwisted plane, with 
n = nii = ±1 and n 2 = m 2 = 0, its £7(1) x £7(1) symmetry becomes enhanced to SU(2) x £7(1). 
Moreover, the third derivative of the prepotential has to transform, in analogy to the SL(2, Z) 
case, with modular weights -2 under T°(3) u and 4 under F°(3)t dualities. The Hauptmodul 
function, the analog of SL(2, Z) j-invariant, for r°(3) is the function u described in chapter 
three. The function o; (3) has a single zero at zero and a single pole at infinity. In addition, its 
first derivative has a first order zero at zero, a pole at infinity and a first order zero at The 
modular form F of weight k of a given subgroup of the modular group PSL(2, Z) = SL(2, Z)/Z 2 
is calculated from the formula 

1 ak 
y~] v v + — x ( orc ^ er °f the point) = — . (4.114) 

p^O.oo p=0,oo 711 12 

Here, u p the order of the function F, the lowest power in the Laurent expansion of F at p and 
m is the ordre of the subgroup fixing the point. The index /i for T°(3) is calculated from the 
expression) 



267 



\T:T {N)] = NU p/N (l+p- 1 ) (4.115) 

equal to four. The sum of the widths at all cusps is equal to the index of the subgroup of 
PSL(2, Z). The width at infinity is defined as the smallest integer such as the transformation 
z — > [z + a) is in the group, where a E Z. The width at zero is coming by properly transforming 
the width at infinity at zero. For r°(3) the width at oc is 3 and the width at zero is 1. The 
holomorphic prepotential can be calculated easily if we examine its seventh derivative. The 
seventh derivative has modular weight 12 in T and 4 in U. In addition, it has a sixth order pole 
at the T = U point whose coefficient A has to be fixed in order to produce the logarithmic 
singularity of the one loop prepotential. As it was shown [ 173 , |1 72| | the one loop prepotential as 
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T approaches U g = ^r|, where g is an SL(2, Z) elementP 7 ! 



/ oc -~{(cU + d)T - (aU + b)} 2 ln(T - U g ). (4.116) 

7T 

The seventh derivative of the prepotential is calculated to be 

f TTTTTTT = Aj-^ _ ^ ( ^ ))2 ^ (f/) _ ^( T )) 6 X(T) ' ( 4 ' 117) 

where X(T) a meromorphic modular form with modular weight 12 in T. The complete form of 
the prepotential is 

fTTTTTTT = A ( ^(gftg \ I u(Tf T \ 

The two groups r°(3) and r o (3) are conjugate to each other. If S is the generator 



S 



-1 

1 



we have r°(3) = S~ l T {2>)S. (4.119) 



So any statement about modular functions on one group is a statement about the other. We 
have just to replace everywhere <jj(z) by u(3z) to go from a modular function from the T°(3) 
to the r o (3). In other words, the results for the heterotic prepotential with modular symmetry 
group r°(3) may well be described by the prepotential of the conjugate modular theory. 

We have calculated the prepotential of a heterotic string with a T°(3)t x T°(3)t x 
classical duality group. The same dependence on the T, U moduli and its modular symmetry 
group appears in the N = 2 sector of the Z e orbifold defined on the six dimensional lattice 
SU(3) x 50(8), namely the Zg-IIb. The effective theory of the T, U moduli N = 2 sector of the 
Z 6 -IIb orbifold, appears in iV = 1 symmetric orbifold compactifications of the heterotic string. 
Recall now the discussion in ( [4.981) . In general one expects sign(d S ij) = (+, 0, 0), 

where the non zero entries correspond to the moduli from the generic K3 fibre. The zero entries 
correspond to singular fibres, fibers which degenerate at points in the moduli space to non 
K3 surfaces like a smooth manifold, and correspond to the heterotic side to strong coupling 



singularities [205]. Because of the maximum number of K 3 moduli 20, the number of generic 



127 The same argument works for the subroups of the modular group, but now there are additional restrictions 
on the parameters of the modular transformations. 
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fibers is constrained to be less than 20. The perturbative heterotic vacuua correspond to moduli 
of the type IIA coming from the generic fibres. 

We believe that the nature of the lattice twist of non-decomposable orbifolds is such that its 
form when acting on the N = 2 planes may correspond to orbifold limits of K%. In this phase, 
the K 3 surface can be written as an orbifold of T 4 . The fixed points of T 4 under the orbifold 
action are the singular limits of K 3 because the metric on the fixed point develops singularities. 
The singularities of K% follow an ADE classification pattern. In fact, because at the adiabatic 



limit ||188| , we can do even the reverse, we can map the type II phase to the heterotic one. In 
the limit where the base of the fibration has a large area, but the volume of the K% fiber is 
of order one, we can replace the K 3 fibers with T 4 fibers. In this form, the heterotic K 3 x T 2 
compactification is replaced by a heterotic string description of the T 4 fibers, namely the Narain 
lattice r 20 > 4 . 
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5. Super potentials with T and S-duality and Effective \i terms. 
5.1 Introduction 

Superstring theory, if it is to have any chance to be consistent with real world, has to make 
definite predictions which will be subsequently verified by the experiment or even predict some 
new phenomena. However in order to accomplish such a role, the theory has first of all to solve its 
own problems. Beyond any doubt the biggest problem of all is the question of N — 1 space-time 
supersymmetry breaking. The breaking, due to the presence of the gravitino in the effective 
action, must be spontaneous and not explicit. This problem is crucial for the theory to make 
contact with the low energy physics and to correctly predict the particle masses. It is expected, 
that the breaking will correctly create the hierarchy between the light particles by predicting 
exactly the Yukawa couplings of the light particles with the Higgs scalars. As a result, at the 
level of supergravity theory the masses of the physical particles, directly connected to the soft 
term generation created by the supersymmetry breaking, will be predicted. 

String theory as the only candidate for a theory which can consistently incorporate gravity, has 
still some problems. It has a huge number of consistent vacua without a associated mechanism 
which singles out one of them. Another problem is related to the determination of physical 
couplings and masses of the theory, which becomes a complicated dynamical problem, since they 
depend on the vacuum expectation values of the dilaton and the moduli. In the absence of a 
perturbative method to exactly fix their values, this problem is left to be fixed from the process of 
supersymmetry breaking. A third problem is associated with the calculation of physical mass and 
couplings of the quark and lepton superfields and Higgs doublets after supersymmetry breaking. 
In non-supersymmetric theories like those coming from the standard model or extensions of it 



the scalar masses remain unprotected against quadratic divergencies, thus creating the gauge 
hierarchy problem. Supersymmetric gauge field theories solve technically the gauge hierarchy 



problem with the introduction of terms ||261|| that explicitly break supersymmetry, the so called 
soft terms. 



128 We are speaking of supersymmetric solutions of string theory since supersymmetric vacua don't suffer from 
stability problems |26C|| and furthermore they are known to provide a solution for the hierarchy problem. 



12!) 



grand unified or technicolor theories 
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In gauge theories the Higgs sector in unprotected against large radiative corrections which 
can give very large masses to the Higgs particles, due to quadratic divergencies, therefore creat- 
ing a hierarchy problem. In supersymmetric gauge theories the hierarchy problem is technically 
solved since the theory is free of quadratic divergencies. However, spontaneous breaking of 
global supersymmetry with the introduction of soft breaking terms does not produce very re- 
alistic models. In locally supersymmetric theories the soft breaking terms arise naturally in 
the low energy supergraviy lagrangian of spontaneously broken supergravities coupled to mat- 
ter multiplets ||255| , |256| , 257 |. Hierarchy remains stable against radiative corrections [|269fl only 
when m 3 / 2 << 1 Tev. This means that the Higgs sector of the theory is protected against large 
perturbative corrections as long as the gravitino mass obey this constraint. 

However, for the spontaneously broken N = 1 locally supersymmetric effective superstring 
theory Q the contributions |46|] to the one loop effective potential take the generic form 

1 A 2 1 1 M 2 

V ± = V ° + 7^ StrM ° x A lo § — + ^StrM 2 A 2 + -r^StrM 4 log -— + ... , (5.1) 

where V a is the classical potential of the theory or order of the electroweak scale. The general 
form of 

StrM n = J2H 2J ' (2J< + l)f<. (5.2) 

It depends on the Higgs masses and represents the sum over powers of the field dependent mass 
eigenvalues of the different degrees of freedom. The divergencies depend on the metric of the 
chiral and gauge superfield content of the underling theory, are field dependent and are not 
guarantee to be vanishing. 

The effects on the gauge hierarchy problem, after the spontaneous breaking of local supersym- 
metry, receive contributions related to the the quadratically divergent corrections to the effective 
potential 

StrM 2 (z, z) = 2(n - 1 - G 1 H u -G J )ml /2 (5.3) 

with 

Hjj = d/djlog detG M x - <9/<9j log detRef ab . (5.4) 

130 that is coming from the superstring vacuum in the limit of keeping m 3 / 2 2 fixed and k — > 0, with k the 
gravitational coupling. 
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So, (|5.3|) can be different! 131 ] from zero ||269|| . However these contributions can be vanishing, if 
we demand that the moduli fields transform in a scale invariant way i.e under the target space 
duality symmetries in the large moduli limit of the underling a-model. Of course such a scenario 
puts constraints [ ^70] on the low energy content of the theory based on the need to stabilize the 
gauge hierarchy and not based on physical properties coming from an underling principle. This is 
a general problem of all the string models || |9], 0, [8(| |83| constructed up to know. Only special 
classes of models are compatible with the phenomenological requirements required to single out 
a particular vacuum |92|, |269| , |309|| . Other problems connected to the breaking of supersymmetry, 
is the question of the smallness of the cosmological constant problem and as a result the question 
of the selection mechanism which could proliferate string vacua. Non vanishing contributions to 
the cosmological constant may come from the part of the quadratically divergent contributions 
related to the gauge hierarchy problem as well as the non-perturbative moduli dependent part 
of the vacuum of the theory. At present we will not be concerned with the cosmological constant 
problem, but instead we will concentrating our efforts to the moduli of the dependent part of 
the potential. 

String theory is a theory of only one scale, the string scale. Physical quantities in string 
theory are not input free parameters as in supergravity models. They depend on dynamical 
fields whose value depend on the vacuum expectation value of the dilaton and the moduli fields. 

While a lot of work have been done at the level of the effective theory in order to solve the 
problem of supersymmetry breaking and possibly to predict the value of the dilaton, the majority 
of the scenarios in the works involved have failed to properly incorporate its value. The dilaton 
value is limited from the LEP ||268|| measurements, giving support to extrapolations of the values 



of the gauge coupling constants, in consistency with the picture [|272| of grand unification idea at 
the scale g un i 2 ~ 47r/26. In string theory the gauge coupling constants are 'unified', by connecting 
the value of the tree level gauge Q coupling constants to the Newton coupling constant [74 . 
Recently, it was shown [[262j| that the strong coupling limit of the E$ x E 8 heterotic string is 
given by an orbifold of the eleven dimensional M-theory, known to have as a low energy limit the 
eleven-dimensional supergravity. In this picture the unification of the coupling constants with 



131 Here, K is the Kahler potential, Ji counts the spin of the i-th particle, and f a b the function which determines 
the gauge kinetic terms and we have assumed that the scalar manifold of the theory has n fields. 
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see relation (3.2) 
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gravitation happens at the grand unification scale. 

The tree level value of the dilaton at the unification scale is ReS ~ 2 and is expected that 
such a value will be determined from an action which incorporates S-duality ||285| , [251|| as well 



as T-duality invariance ||138| , [289| , |291 



Several mechanisms have been used to break consistently supersymmetry. The main flow of 
research has been concentrated in three main directions. The tree level coordinate dependent 



compactification [f49|, H8L 50] mechanism - CDC, which extended the "Scherk-Schwarz" mechanism 



||276|| in string theory, the non-perturbative gaugino condensation |[274| , [275j , |289| , |291|| mechanism 
and via magnetized tori ||277| , [278|| . 

In the CDC mechanism, spontaneous supersymmetry breaking is achieved by coupling the 
lattice momenta of toroidal compactifications to the charges of a U(l) current. The latter does 
not commute with the gravitino vertex operator and it therefore breaks supersymmetry. The 
net result of the investigations so far, show that in this case CDC gives no-scale models with 
vanishing potential and zero cosmological constant at the tree level of string theory. The problem 
with in this approach is that supersymmetry is broken but the values of the moduli parameters 
are not fixed. The hope is, that they will be fixed from radiative corrections or from non - 
perturbative phenomena. Furthermore contributions to the cosmological constant can arise at 
the one loop level. 

In the magnetized tori approach, a magnetic field associated with a U(l) gauge group gen- 
erates mass splittings among the hypermultiplets, which carry non-zero U(l) charges. The two 
previous approaches are distinquished from the fact that in the latter case, at tree level the 
potential of the theory is different from zero and the gauge group .SO (32) can be broken down to 
standard model. Common future of the previous two mechanisms is the impossibility of fixing 
the value of the dilaton. 

At this work, we will be mainly concerned with the gaugino condensation approach. Our 
primary concern, is the dynamical fixing of the value of the dilaton. This problem is a complicated 
one in string theory and one solution involves the use of multiple condensates ||298|| to stabilize its 
vacuum expectation value. This approach, in contrast with the previous one's is not a 'stringy' 
one but field theoretical. 

In this scenario the non-perturbative generated superpotential for the composite vector su- 



-137- 



permultiplets is responsible for the creation of the required hierarchy. Whenever the gauge 
interactions become strong, the condensate forms and breaks supersymmetry. As a result, an 
effective potential for the moduli is generated after the integration of the gauge degrees of free- 
dom associated with the gaugino bound states. Then, with a typical value of the hidden SUSY 
breaking sector scale of order A equal to 10 13 Gev, the hierarchy in the low energy gauge sector 
of the model is stable against quantum corrections, if the gravitino mass is of order of jp- i.e of 
one Tev. 

Our study, uses the Hauptmodul functions of chapter three. The existence of the S-duality 
symmetry of string theory was conjectured in ||284| , |285|| . In section (5.2) we will see how different 
parametrizations of the non-perturbative effects, which combine T-S duality, provide constraints 
that severely constraint the form of the effective action. Moreover in section (5.3) we 



want to propose a possible supersymmetry breaking scenario, conjectural, which use S-duality 



264 , 265 , 266 ], to fix the value of the dilaton. Furthermore in section (5.4) we will discuss 



the [x term generation in orbifold compactifications . We must say here these /i terms are part 
of the soft supersymmetry breaking terms of the effective low energy lagrangian of the orbifold 
compactificxations of the heterotic string[^(J. We will see later in section (5.4) the general form of 
the soft supersymmetry breaking terms. They include the "trilinear" A-terms and the "bilinear" 
B-terms. The resulting ii terms receive contributions from the non-perturbative superpotentials 
of chapter three. Because the relevant contributions to the \x terms arise in the one loop corrected 
effective action of orbifold compactifications of the heterotic string, they enjoy all the invariances 
of its effective theory in the linear representation of the dilaton. 



5.2 *Constraints from duality invariance on the superpotential and 
the Kahler potential for the globally and the locally supersym- 
metric theory 

The effective low energy theory of string compactifications with N = 1 supergravity up to two 
space time derivatives, is described from the following functions of chiral superfields, the gauge 
invariant Kahler potential K, the superpotential W and the gauge kinetic function f, which is 
associated with the kinetic terms of the fields in the vector multiplets. The Kahler potential has 
to be a real analytic function of chiral superfields. The Kahler potential and the superpotential 
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are connected together via theP 5 relation |2 



G(z,z) = K(z,z) + (\ogW\(z)\) 2 . (5.5) 

Because the spectrum and interactions of the string vacuum are invariant under the appropriate T 
duality group and T-duality has been proven to be a good symmetry in any order of perturbative 



string theory ||271|| , the effective low energy theory of the orbifold compactification of the heterotic 
string on a torus has to be invariant under the SL(2, Z), T-duality group with 

T - . (5.6) 

icT + a 

When considering a global supersymmetric theory, the constraints from modular invariance on 
the Kahler potential and the superpotential of the theory gives that while K has to be invariant 
up to a Kahler transformation the superpotential has to be modular invariant. Accordingly, we 



can choose for the superpotential ||258|| any polynomial of the modular function u where u is 
one of the j functions for the congruence subgroups of the PSL(2, Z) which have been listed in 
chapter three. In the case of local supersymmetry the constraints are different. For effective low 
energy superstring theories with N = 1 supersymmetry the action contains the terms 

e- x C = e G [ 3 - G t G tl G- t } + e G /% R + ..., (5.7) 

where the first factor in parenthesis is the effective potential of the theory and the last term 
depend on £ M the gravitino. 

From the term involving the gravitino we can see that G has to be modular invariant. 
This can be implemented either as a separately modular invariant superpotential and Kahler 
potential or by keeping the whole G expression modular invariant. Here we will be interested 
in congruence subgroups of the modular group T and especially those appearing in the non- 
decomposable orbifold constructions of the heterotic string. In fact by using the expression 

fdt9(t,N) =An\og^ + C =n/6\og^^ + C, (5.8) 

we can identify the latter modular invariant expression as part of = to (NT) the non- 

perturbative G function for the non-decomposable orbifolds based on the subgroup T (N). The 

133 We consider for simplicity dependence on one modulus field. 
134 we are following the notation of 25S| , 138 . 
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result for the T°(N) group easily follows by replacing in ( |5.8|) N — »■ 1/N. Note, that we have 
used the relation 

A(T)=r / 24 (T), (5.9) 

where r] is the Dedekind function. The function ty(T,N) is defined as 

\&(r, N) = NG 2 (NT) — G 2 (T), (5.10) 

where T is a modulus field appearing in the low energy lagrangian, and under T-duality trans- 
formations is transforming covariantly 

ty(AT, N) — > (cr + d) 2 ^(T, N). (5.11) 

The value of the G 2 (T) function is given by the Eisenstein series 

G 2 (T) = (m 1 T + n 2 )- 2 = y-87r 2 £ mg mm \ (5.12) 

ni,n2 £2 m,m\>l 

G 2 {T) = G 2 (T) - JL;. (5.13) 
It transforms inhomogenously under SL(2, Z) transformations 

G 2 -> (icT + d) 2 G 2 - 2iric(icT + d). (5.14) 



Take for example now, the non-decomposable orbifold Z6-IIb[|59|]. The tree level Kahler poten- 
tial for the untwisted subsector with target space duality group T°{?>) T is K(T, T) = — log(T+T). 
By using the expression 

G T (T, T) = -(1/(T + T)) + (5.15) 

we will be able to fix the leading term in eqn. (|5.16|) . The leading terms of the non-perturbative 
superpotential W were calculated in chapter 3. The term which was associated with the contri- 
bution of particular point in the moduli space of the non-decomposable orbifold corresponding 
to symmetry enhancement was found in the leading order as follows 

W = u(T)r](Ty 2 7](Uy 2 + . . . (5.16) 

By identifying 

d T \og W = t-[\g 2 {^) - G 2 {T)\ + ^-G 2 £) + ^G 2 (U) (5.17) 

we can recover back the result of eqn. ( |5.16j ). The previous function transforms in the proper way 
under modular transformations, has modular weight —1 and is the leading term in the expansion 



of eqn. ( |5.16|) . 
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5.3 * S- and T- dual supersymmetry breaking 



While trying to solve the problems of string theory from the perturbative frameworkF 3 ^, it is the 
non-perturbative status of string theory which can at the moment give some definite answers 
|142|| . At the level of the creation of the non-perturbative superpotential that could give rise 
to dynamical determination of the vacuum expectation values of the dilaton and moduli fields, 
resulting in hierarchical supersymmetry breaking, the gaugino condensation mechanism was sug- 
gested j27i, m m as a mechanism for a realistic supersymmetry breaking in 
string theory. The conseptual difficulty in the above approach is that gaugino condensation by 
itself is a field theoretical phenomenon and does not provide for a consistent skeleton which 
would incorporate non-perturbative effects at the small radius limit in the cr-model sence. Fur- 
thermore, in the original approach [|275|1 a vacuum with vanishing vacuum energy and broken 
supersymmetry was only possible if a constant c, coming from possible non-perturbative effects 
was present in the superpotential of the theory. However, this constant is quantised ||263|| . 

Later, we will make use of the target space modular invariance ||258| , |316|| together with the 
assumption of the existence of of S-duality for N = 1 vacua, to dynamically study a way of 
creating a modular superpotential with the correct modular invariance properties for the moduli 
fields coming from the compactification of our high energy vacuum. At this part of the thesis, 
we are using the principle of S-duality to examine possible dynamical mechanisms for fixing the 
value of the dilaton. We will not give emphasis to mechanisms which are concentrating only in 
the use of T-duality |p84j , |290| , [289| , [302|, |303|1 as it was the approach up to now. Models which 
are based solely on T-duality are clearly not satisfactory and the main drawback of the models 
existing in the literature |[264| , p65| , |266|| is the difficulty to fix the value of the dilaton. 

In general, there are two different approaches for the non-perturbative gaugino condensation. 



These are the effective lagrangian approach ||289| , |299| , |314|| , where we can use a gauge singlet 
gaugino bilinear superfield as a dynamical degree of freedom and the effective superpotential 



approach, which was used with superpotentials transforming covariantly under T-duality ||284| , 
|290|| , by replacing the condensate field by its vacuum expectation value. In the models of [[264|| the 
value of the dilaton is fixed at a realistic value but supersymmetry is unbroken at the minimum, 



while at the models of [[26 5| , |266| the value of the dilaton is at a fairly good level but the 



i:*5 



see chapter 4 of the thesis. 
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cosmological constant is negative. Here we will use the principle of S-dual gaugino condensation 
265| to describe models based on subgroups of the modular group. We will not consider the 



presence of hidden matter |[291| , |294| , [292] . The dynamics of the effective theory of gaugino 

condensation is described by the composite superfield U = S^W^e^W^ which at the lowest 

order contains the gaugino bilinear as its scalar component. Let us consider the superpotential of 

[|265| , which generalize the Veneziano-Yankielowicz superpotential incorporating both SL(2, Z)t 

duality and SL(2, Z)$ duality 

^3 , 1 



where \1/ 3 = W a W a the value of the condensate, /i is the scale of magnitude at which that the 



condensate forms. In ||265|| the value of c was fixed from the requirement that for S,T equal to 1 
the gaugino condensate gets an expectation value equal to /i. In fact we will see that we can do 
more. We regognize j as the j-invariant modular function for SL(2, Z). 

The effective Kahler potential includes the chiral superfield \I/ which transforms under T- 
duality with a modular weight —1 and which we choose it to be K = — log(S + S) — 3 ln(T + 
T — tyty). At the weak coupling limit S — > oo the S-duality superpotential ( |5.18| ) must flow to 
the global limit of Veneziano-Yankielowicz models, namely W ~ Y 3 S. In this case, we have to 
adjust the modular prefactor in front, to correctly recover this limit. 

In general, as it was suggested in [283, |291| , [292|| working with the weak coupling limit of (|5.18|) 
is equivalent to working with the condensate integrated out of the form of the superpotential. If 
we integrate out the gaugino bilinear the resulting superpotential becomes 

j{S)—^\S)^{T) j—^ 2 {S)^{T) 

where a Q = (— c — 6)e~^ 1 . Here, the constant b is equal, assuming E s gauge group, to b = 
A,(£ 8 )/96tt 2 . 

The auxiliary fields which when their vacuum expectation value is non-vanishing break local 
super symmetry are given by 

h l = e \ G G i = \W\e^ K UC* + ^ , (5.20) 

where K is the Kahler potential and W is the superpotential and IV s denoted the derivative 
of the superpotential with respect to the i variable, either S ot T moduli. The S-duality in- 
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variant superpotential will break supersymmetry if one of the auxiliary fields, either S or T, 
gets non-vanishing vacuum expactation value. We are mostly interested if the h s will break 
supersymmetry. The scalar potential of the theory is given by 

V = \h s \ 2 G~^ + \h T \ 2 G~^ - 3e G . (5.21) 
At the moment there is some control on the N = 1 non-perturbative aspects of heterotic string 



theory. Non-perturbative contributions can appear in iV = 1 heterotic strings in the form ||27£ 
of higher weight interactions U n W 29 , involving chiral projections of non-holomorphic functions 
of chiral superfields. A typical amplitude at genus g involves 2g-2 gauginos and 2 gauge bosons. 
In iV = 2 compactifications of the heteroric string [|148| , |149|| on K 3 x T 2 , the non-perturbative 
contributions to the prepotential of the heterotic side are calculated |13(J from the exact result 
of the type IIA dual pair. In this way world sheet instanton effects on type IIA are mapped 
on spacetime instanton effects on the heterotic side. In addition, in N = 4 non-perturbative 



contributions involve comparison |280| , [281|| of M-theory predictions with the loop dependence of 
R 4 terms in the effective action of type IIB or IIA. Here, we demand that S-duality is a good 
symmetry of, possibly of a formulation of string theory in a different form, string theory when 
the all non-perturbative corrections are taken into account. Since we assume that S-duality holds 
at the N — 1 heterotic string theory, it has to hold at the level of the effective action as well. 
This means that the G function of AT = 1 supergravity has to be S-duality invariant. 

There are some comments that we want to make at this point. At the time that S-duality 
was claimed to be valid as an symmetry of the N — 1 string effective action the j-invariants for 
the subgroups of the modular group PSL(2, Z), which were clearly indentified in this Thesis, 



were completely unknown to the authors. In fact, a relevant comment of the authors in ||138|| 
confirms this argument. In order to understand why S-duality could involve subgroups of the 
modular group, we must first understand that there is nothing special about PSL(2, Z)s- All the 
evidence for PSL(2, Z) s duality involve N = 4 heterotic strings. So the conjectural PSL(2, Z) s 
for iV = 1 is a scenario of convenience, since it gives us the dynamical mechanism to fix the value 
of the dilaton. 

In general it is possible to discuss supersymmetry breaking in the presence of matter fields. 
However, we believe that the low energy potential of the theory^, which will determine the 
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We are speaking about the requested form of the final lagrangian which can be coming from the M-|16S] of 
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value of the continuous parameters of the theory, must not include matter fields in order that 
the spontaneous supersymmetry breaking to be model independent. We should note that in 
Seiberg-Witten pure SU(2) theory the quantum symmetry groups r°(2) and r o (2) appear when 
the number of the hypermultiplets is equal to zero amd two respectively ||1 96| 1 . So, if we imagine 
that this quantum symmetry group is the low energy limit of the duality group of the theory, 
then if there is S-duality present in pure SU(2) Yang-Mills it has to be r°(2) or r o (2). This 
argument provides support to our claim that the associated high energy S-duality group of the 
string model might be r°(2)s or r o (2)s. The N = 2 supersymmetric Yang-Mills appears at the 
a — > limit of the associated string theory vacuum. 

We will now discuss the potential coming from the superpotential 

Wi = x (i-ln (u(S) + 361n(*77 2 (T)///)) , (5.22) 

where \l/ 3 = W a W a the value of the condensate, \i is the order of magnitude that the condensate 
forms . The prefactor of rj 2 (2S) was used to provide the correct modular weight of W and 
not to fix its large S limit of ( |5.18D following ||265|1 . We should notice at this point that the 
value of uj(S) represents the value of j-invariant for the congruence subgroups of the modular 
group T (2), r o (3), r°(3) and r°(2) which appear in the case of (2, 2) symmetric non-factorizable 
orbifold models, when no continuous Wilson lines are involved. 



We assumed that the superpotential has To (2) S-duality and the gauge kinetic function f is 
T Q (2)s duality invariant. This means that under strong- weak coupling duality , 1 / g^on-penur S ~* S 
1 / ' 9non-pertur- This implies ||251] , [285|| S-duality invariance of the effective actions under the T (n)s 
or T°(n)s in general. Take for example r o (2) invariance. This means that S — > 

Integration of the bilinear condensate gives the superpotential 

w = fao ( , 2 o\ 

1 v e {T)7 ] 2 {2S){uj{S)) a ^ y J 

where a x — and a Q = —be' 1 . The Kahler potential is K = — log(5 + S) — log(T + T — YY). 

The potential coming from (|5.23|) is 

\W I 2 / 1 \ 2 3/; 6 rv 2 

V I = ^{S 2 R ( — (G 2 (2S))-a 1 2m[E 2 (S)-2E 2 (2S)}) -3}' 1 " 



XT « Gl{T \*(2S)l(S)^ (5 ' 24) 



F-theoryp69|. 
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where 

& 2 26 = -4tt — — — - — , G 2 (T) = -4vr — — — , 5.25 

V{ 2S ) S R V{ t ) T R 

Sr = (S + S) and 

// 6 a 2 

Tr = T + T ~ u^rf(2S) V u(T)- (5 ' 26) 
In the decompactification limits Tr — > oo, and its dual limit Tr — > 0, the potential diverges 
Vi — »■ oo. As a result, for gaugino condensation to happen, it is necessary that the theory 
is forced to be compactified. The potential at the limit Sr — > oo goes to zero. It becomes 
a free theory only when 2nb < 6 holds. This means at the weak coupling limit the dilaton 
cannot be determined from gaugino condensates. We should note that the latter condition is 



more restrictive that the analogous condition [|265|1 for the modular group PSL(2, Z), namely 
2-Kb < 12, where large gauge groups in the hidden sector were required to satisfy the constraint. 
Because for the E$ gauge group we get that 6|b 8 = 90/967T 2 « 0.09508 and b < 0.9554 we need 
a large gauge group to satisfy the constraint. Stringy constaints on the possible hidden sector 
gauge groups allowed to break supersymmetry can come by the use of higher order subgroups of 
the r o (n) group. Namely, for the r o (n) group the general form of the constraint b < — single 
out at least one E 8 group factor, only for the modular groups r o (3) and r o (5). If we demand 
that the form of the allowed S-duality modular symmetry group at the weak coupling limit to 
be constrained only from modular invariance, then we could use r o (7) or r o (13) modular groups 
as well. Of course, nothing prevents us from using, instead for r o (n), the T°(n) subroups of 
PSL(2, Z) mentioned in chapter three. 

The singular points of the potential can be read from the orbifold points. The latter are 



extrema of the potential [ |25S| , |138|| . In complete analogy, we do expect the point S = the 
fixed point of the modular group r o (2), to be an extremum of the potential. The auxiliary field 
Fg = exp(^G)Gs at the orbifold point vanishes, since the function GzfiS) vanishes at the same 
pointp 7 ! Alternatively, we could calculate the first derivative with respect to the T-variable. 

We did not include in the fixing of the modular weight of the superpotential the prefactor 
f] 2 (S). Alternatively, if we want the prefactor in front of W to have the correct modular weight 
137 It was note in 1302] that it can be shown numerically that the latter holds. 
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and the weakly coupled limit as in Veneziano-Yankielowicz models, we may have 

W n = — ( -Un (u(S) + 36 ln(^-^-)) . (5.27) 



In this case, integrating out the condensate we get 

d 

ri 2 {2S)uj(S)^-rf(T) 



W n = (5.2* 



with scalar potential 

im 12 / 1 ^2 3;/ 6 rv 2 



12 + 27Tt ) 



(5.29) 



where a 2 = ±f±^, and T^ — T + T— ^ 2 / {2 f W 2 {Ty 

Note that the following identities hold for the Hauptmodul of r o (2), 1 



A(2S) ' 



and 

2l7T2 OO J 

£ 2 (S) = 1 - 24^ (1 _ e2CTz) = 1 - 245> 1 (n)g», 25 S (S) = ^logfoOS)), (5-31) 

d s uj(S) = 2m (E 2 (S) - 2E 2 (2S)) , E 2 (T) = 1 - 24g - 72g 2 - 96g 3 - 168g 4 + . . . . (5.32) 
Here, <r p _i(n) is the divisor [|110|| cr p _ 1 (n) = Xid/n^ -1 - Using a numerical routine, the question 



of weather supersymmetry breaking can be solved completely. Since the expressions for the 
potentials are known, we can determine whether or not the auxiliary fields connected with the 
modulus S or T breaks local supersymmetry. Numerical minimization of the potentials Vj, Vjj 
leads to same value T = Ti + iT 2 = 1.03 + z0.54 and S — Si + iS 2 = 0.505 + z0.50. In 
fact, the only difference between the two potentials is the different value of the a.\ coefficient. 
We observe that the minimun of the potential along the S-direction is near the fixed point of 
the modular group r o (2) group. The auxiliary S-field at the minimum breaks supersymmetry 
along the S-direction. S-duality invariant superpotentials can be studied alternatively from the 
superpotentials of Q5.22j ), ( |5.28|) by replacing T — > 2T. 
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5.4 * Effective fi term in orbifold compact ificat ions 
5.4.1 Generalities 

The hierarchy problem is solved technically in the case of N = 1 globally supersymmetric la- 
grangians with the addition of soft breaking terms, namely soft scalar masses and trilinear and 
bilinear scalar terms and soft gaugino masses. In general spontaneously broken locally| f255 



supersymmetric quantum field theories, soft terms arise naturally from the expansion of the 
supergravity scalar potential 

V = e G [G a {G- 1 )^G /3 -3]. (5.33) 

Supersymmetry is spontaneously broken by the vacuum expectation values of the hidden fields 
which are gauge singlets under the "observable" gauge group. The hidden fields interact only 
gravitationally with the observable sector fields and their decoupling from the effective action 
produces the soft terms. The real gauge invariant Kahler function G is given as usual 

G(z a , z* a ) = K(z a , z* a ) + log \W(z a ) | 2 , (5.34) 

where z a represent all scalar fields of the theory, including observable and hidden one's. We 
assume for the Kahler potential and the superpotential has the general form 

K = K (hi, h*) + Kyfatf + (Zijfafa + h.c)+ . . . 

W = W {hi) + Hij4>i<f)j + Yijk$i$$k+ • • • , (5.35) 

where the fields hi and (f>i correspond to the hidden and observable sector scalar fields respectively. 
The ellipsis correspond to terms of higher order in the fields (pi, <fi*. The terms /ijj, Y^, Kij and 
Zij depend on the hidden sector scalar fields h iy h*. 

Soft terms involve mass terms for the gauginos Aj and the scalars 4>i, the A term with couplings 
to trilinear superpotential terms and the B term with couplings to bilinear superpotential terms. 
The general form of the effective Lagrangian for the soft terms derived from the expansion of the 
potential (|5.33| ) is given by 



Lsoft = \^1 M a X\ - m2 iW? - {Ajk%k<i>i<i>i<i>k + l>ijli,,o,Oi + h.c), (5.36) 
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where 



0, = Kffa, \ a = (Ref a )h a , Y ijk = Yijk^-e^iKiKjKk)- 1 *. (5.37) 

| vv i 

Let us assume that our low energy theory is that of the minimal supersymmetric standard 
model. In that case the expansion of the Kahler potential and the superpotential reads 

K = K {h h M+E KiMt + {ZH X H 2 + h.c), (5.38) 

W = W (}n) + J2(K bLaE c H i + ^tQ a D h c E x + \$Q a U b c H 2 + nHiHz). (5.39) 
The summation is over all generations of fermionsj^} In eqn.( |5.39"D we observe that there is a 



mixing term between the two Higgs fields. The appearance of the mass mixing term for the 
two Higgs fields of the standard model, which is necessary for the correct electroweak radiative 
breaking of the electroweak symmetry, must not happen through the mixing, Wtree — ^H\H 2 at 
the superpotential W of the theory. If it happens this means that the low energy parameter /i, 
of the electroweak scale, is identified with a parameter of order of the Planck scale something 
unacceptable. In this case, the /i-term introduces the hierarchy problem. On the other hand the 
value of the [i term cannot be zero at the electroweak scalar potential. If fi is zero, the lagrangian 
poccess the Peccei-Quinn symmetry ||319|| which after spontaneous symmetry breaking leads to 
the unwanted axion |320|| . Take for example the potential of the supersymmetric standard model 



along the neutral direction after electroweak symmetry breaking. Then 

V(H X , H 2 ) = Ug 2 + £ ,2 )(|#i| 2 - \H 2 \ 2 ) 2 + /ixl^l 2 + fi 2 \H 2 \ 2 - ^(#1^2 + h.c), (5.40) 

o 

where 

1 W* 

M?, 2 = m 2 3/2 + V + fL 2 , [i\ = -Bm 3/2 jl, £ = e* K °n—±- (5.41) 



138 The tilde are canonically normalized quantities appearing when passing to the low energy lagrangian, A is 
the gaugino field. 

139 jj erei qo, .— (3^2, 1/6) is the left handed quarks, := (3,1,-2/3) the left handed antiquarks or right 
handed quarks, D° := (3,1,1/3) the left handed antiquarks, L a :— (1,2,-1/2) the left handed leptons and 
E" := (1,1,1) the right handed leptons. The A" 6 , A^, A^ b are the Yukawa coupling matrices. The masses of the 
quarks and the leptons will be generated by vacuum expectations values of the Higgs multiplets Hi := (1, 2, —1/2), 
H2 '■= (1,2, +1/2), in the effective low energy theory. The number in the parenthesis represent the quantum 
number with respect the SU(3) x SU(2) x U(1)y, while the last entry is the weak hypercharge. 
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V is the cosmological constant. Here, we have assumed that gs = g% = g% = y5/3</ at the 
unification scale and p, is the Higgsino mass. From the renormalization group equations we 
derive that if /i is zero then it remains zero in all energy scales. 

If this is happen then such an appearance can have disastrous results since the minimum of 
the potential is at H 1 = 0. In this case, the d-type quarks and e-type leptons stay massless, which 
does not happen in reality. The last problem, related to the appearance of /i, taken together 
with its other problem where its mass can be of order Mpi anc k, something unphysical for a Higgs 
potential of the order of the electroweak scale, constitutes the well known /x problem and several 
scenaria have appeared in previous years, providing a solution. Clearly the presence of such a 
term in the superpotential of the theory, is essential in order to avoid the breaking of the Peccei- 
Quinn symmetry and the appearance of the unwanted ||320|| axion and to give masses to 



the d-type quarks and e-type leptons which otherwise will remain massless. 

Here, we explore the origin of \x terms in orbifold compactifications of the heterotic string. 
We discuss particular solutions to the \x problem related to the generation of the mixing terms 
between Higgs fields and neutral scalars in the Kahler potential. We will examine the contribution 
of the fj, terms to the effective low energy lagrangian of N=l orbifold compactifications of the 
heterotic string. Alternative mechanisms for the generation of the fi term make use of gaugino 
condensation ||316|| , to induce an effective /i term [|321|| or the presence of mixing terms in the 
Kahler potential ||323|| , which induce after supersymmetry breaking an effective // term given from 
the last two terms in eqn.( 5.46f) of order 0(m 3 / 2 ). The similarity of the gaugino condensation with 
our appoach will be shown later. Another solution, applicable to supergravity models, makes use 
of non-renormalizable terms (fourth or higher order) in the superpotential. They have the form 
MpJ n A n H 1 H 2 and generate a contribution |22| to the \i term of order p ~ 0(M P J n M% idden ) 
after the hidden fields A acquire a vacuum expectation value. 

Here, we explore the origin of \x terms in orbifold compactifications of the heterotic string. 
We discuss particular solutions to the \x problem related to the generation of the mixing terms 
between Higgs fields and neutral scalars in the Kahler potential. We will examine the contribution 
of the fj, terms to the effective low energy lagrangian of N=l orbifold compactifications of the 
heterotic string. Lets us explain the origin of such mixing terms in superstring theory ||236| . 
We assume that our effective theory of the massless modes after compactification is that of the 
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heterotic string preserving N = 1 supersymmetry. The superpotential of the effective theory 
involves the moduli Mj and the observable fields II 7 and has the general form EH 

W = W tr + w induced , (5.42) 

where 

w tr (M h n 7 ) = -y} JL n 7 n J n^ + .., and w m = w{m) + i/ t/J (M)n 7 n J + .. (5.43) 

3 

with W tr the usual classical superpotential and w mduced the superpotential describing our theory 
at energies below the the condensation scale. The Kahler potential, after expanding it in powers 
of the matter fields II 7 and IT 7 , takes the generic form 

K = k~ 2 K(M, M) + ZfjU T U J + (-Hu(U, n)n 7 n J + c.c) + higher order terms in IT, (5.44) 

where k~ 2 = 87r/M|>j. The quantity Zjj appearing in the previous equation, represents the nor- 
malization matrix of the observable superfields and is renormalized to all orders of perturbation 
theory. The corrections to the fi term that we are interested will appear below the scale of 
supersymmetry breaking. The calculation of the effective Lagrangian [^] for the moduli fields 

V eff (U, ft) = K- 2 K ij F l F~ j - 3K 2 e*\W\ 2 , F j = K 2 e k l 2 ¥J\d i W + WdiK), (5.45) 

where F- 7 the auxiliary component of the individual modulus, gives after substituting the moduli 
fields with their vacuumF^] expectation values, the following expressions for the masses of the 
observable matter fermions and Yukawa couplings 

= fa j + m^Hu - Pd-jHu, (5.46) 

Yijk = e kl2 Yij K . (5.47) 
The previous expressions induce the effective superpotential 

w eff = ^/i/jn 7 n J + iy JJJf n J n J n*. (5.48) 



140 neglecting the effects of electroweak symmetry breaking 
141 at the flat limit Mpi — > oo while keeping M 3 / 2 fixed. 
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After supersymmetry breaking the effective scalar potential for the observable superfields of 
the theory becomes |105| ] equal to 

v e " = Y,g a 2 /4: (n J ZjjTji J ) 2 + djW eff z IJ djW eff + 

m 2 IJ U I Tl J + (^A IJK U I Il J Il K + ^BuUV + h.c), (5.49) 

with the first line to represent the scalar potential of the unbroken rigid supersymmetry and the 
second line to represent the so called soft breaking terms 

mjj = ml /2 Z l3 - /•'/••' /,'„,., , A UL = F* A Y IJL , 

B u = F l Di^ u - m 3/2 /i/j, (5.50) 

and 



R-ijij — didjZjj — T iI Z NL T--j , T u — Z diZjj, 

1 
2 

1 



DiYjjL = diYjjL + -tfiY/jz - r N i(I Y JL)N , 



Difiu = difiu + ^Kifi u - T N i{I fi J)N , (5.51) 

responsible for the soft breaking of supersymmetry. 

We are interested in the /i-term generation in (2, 2) orbifold compactifications of the heterotic 
string. Let us fix the notation first. We are labeling the 27, 27 with latters from the beginning 
(middle) of the Greek alphabet while moduli are associated with latin characters. The gauge 
group is Eq x E 8 , the matter fields are transforming under the 27, (27) representations of the 
Eq, 27's are related to the (1, 1) moduli while (27) 's are related to the (2, 1) moduli in the usual 
one to one correspondence. The Kahler potential is given by 

K = G + A a A a Z { ^ 1) + B U B D Z% 1] + (A a B v H au + c.c) + . . . (5.52) 

with the A and B corresponding to the 27's and 27's respectively. The additional contribution 
in the /x term jli j which appears in eqn. (|5.46|) is generated from the presence of higher weight 



interactions [ 236|| , which are not appearing in the standard description of the low energy super- 
conformal supergravity of the (2, 2) heterotic string compactifications. In the superconformal 
tensor calculus ||218|| , parts of the action are constructed as the F-component parts of chiral 
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superfields with weight (3,3). The previous notation, is understood to represent the general 
characterization of multiplets in the superconformal calculus, with the components of the weight 
to represent the conformal and chiral weights of the dilatations and the chiral U(l) transforma- 
tions of the respectively. In this way, the lagrangian density for the superpotential is obtained 
from a term (8 3 W) F . The 9 is the compensator field with weights (1, 1). The interactions are 



created by including in the action chiral projectionsfn n acting on complex vector superfields 
V of weight (2,0). In general, we demand F terms in the action to have weights (3,3). The 
superpotential W is a function of fields with weights (0, 0) so the lagrangian density is obtained 
from the F-component of 6 3 W. As matter as it concerns the \x term generation in (2, 2) com- 
pactifications of the heterotic string corresponding to the presence of the fx term, in eqn. (|5.46|) , 
the higher weight interactions responsible for this task are generated from terms in the form 

(6- 3 P 1 P 2 ) F , P n = (66e- K / 3 f n ) , n=l,2. (5.53) 

Here, the subscript F denotes the F-component and / are complex functions with weights (0, 0). 
The presence of mixing terms H av for the 27 , 27 in the Kahler potential ( |5.52 ) generates the 



contributions of the last two terms in (|5.46| ). The presence of higher weight interactions gives 
the contribution 

ft = -h n W ABs G sS f^fi 2) , (5.54) 

where Wabs the Yukawa couplings between the scalars s and the Higgs moduli A, B and G ss the 
inverse Kahler metric for the s fields. In addition, h n is the auxiliary field of the n-th modulus 
field. We have assumed an expansion of the superpotential in the form 

W = W + W AB AB. (5.55) 

The superpotential of the theory in the form ( |5.55| ) comes from non-perturbative effects since 



terms in this form don't arise in perturbation theory due to non-renormalization theorems [|301 
15 1 . Furthermore, because supersymmetry cannot be broken by any continous parameter |213|| , 
the origin of such terms may not come from a spontaneous breaking version of supersymmetry 
but neccesarrily its origin must be non-perturbative. 



Contribution ( 5.54 ) vanishes if the low energy particle content is that of the minimal super- 



symmetric standard model. In this case, the fields s either are superheavy as with no Yakawa 



142 



The analog of D 2 of rigid supesymmetry 
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couplings with the Higgs scalars. If the superpotential of the theory includes the mixing term 
Wab between the two Higges then the \x term receives an addiitional contribution in the form 
p, = e G l 2 Y^AB- In the following, we assume that the Higgs fields A, B are coming from the same 
untwisted orbifold complex plane. 

Let us assume that the low energy content of our theory is that of the minimal supersymmetric 
standard model. We want to examine possible /x term contributions coming from orbifold[^t| 
compactifications of the heterotic string. Lets us examine for simplicity the non-decomposable 
orbifold Zg — lib. After taking into account the result for the expression fl3.110| ) for the non- 
perturbative superpotential, the additional contribution /2 to the fi term becomes 

ri\^))]W + [(C 2 (f/ / )(r 2 (f))^)(((5Tlogr / 2 (T)) x 
(^log^ 2 (^)))]H> + 0((BCf), 

(5.56) 

while as matter as it concerns the observable fermion masses, Higgino masses are given by 

m = m 3/2 + (T + f)h T + (U + U)h v + (T + f)(U + U)jl. (5.57) 

In the previous expression, we have used the tree level expressions for the wave function normal- 
ization factors, i.e Z AA ~ = Z B g = ((T + T)(U + U)) -1 . The gravitino mass, which is associated 
with the scale of the spontaneous breaking of the local supersymmetry, is given by mz/2 = e G//2 W. 

The presence of higher weight interactions modifies the special geometry of (2, 2) compactifi- 
cations and incorporates now the matter fields A, B associated with the 27, 27's. In particular, 
the Riemann tensor R a p u n is modified as 

RaPvp. = G a pG vf i — W av G ss (e G Wp fLS — Tppg), (5.58) 

where T is given by 

TfiB = (v/a 1 )/?, V[fc% s - = V[* (e G ^]fe) , T Ta = e G W TiS . (5.59) 

The proposed non-perturbative superpotentials are consistent with the use of the corrected 
one-loop effective action which uses the linear representation of the dilaton. The expansion of 
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the superpotentials into the form W = W Q + Was AB, is consistent with the invariance of the 
one-loop corrected effective action under tree level r°(3)T transformations (4.24), which leave 
the tree level Kahler potential invariant, only if W — > (icT + d)~ l W and 

W -> {icT + dy'Wo, W AB ^ {icT + d)- 1 W AB + icW . (5.60) 



In the discussion so far we have tacitly identify the expression in eqn. (|3.105D , with the non- 



perturbative generated superpotential in (2, 2) orbifold compactifications. This follows ||132j| 
from the viable identification of the expression of the topological free energy in N = 1 orbifold 
compactifications with the determinant of the square mass matrix.i.e 

F = log (det(e K K^ 2 )\detW fj \ 2 ) , (5.61) 



where we are adopting the notations of eqn.( |5.5|) . Especially in a gaugino condensation approach, 
the gaugino condensate is < A A >cx W(T). 

We must say that the grouping of terms in the form presented in ([3.105 ) is a matter of 



convinience. Specifically, grouping together the first with the third term and the second with 
the forth term we get the result ( |3.105| ) and the \x term ( 5.56| ). On the other hand, regrouping 
the third term in ( |3.105| ), we getf 53 



n 1 rn=0; q={) 

T U 
x<9 T {logr/(T)) \ogri(-)}du{logr)(-) log^(C/)})). 



In this case, the p, term contribution is 



(5.62) 



-4e G / 2 5r{log77(T)) log^^Oogr^) log V (U)} 



^ V(T)7 7 2 (f)7 7 - 2 (C/)7 7 - 2 (f) ' 1 ' 

The last expression appears to give the same moduli dependence, in its numerator, up to numer- 
ical factors, as the ansatz used for the jl term contribution to the \x term in [|303|| . However, the 
tree level contribution to the non-perturbative superpotential coming from ( |5.63| ) does not have 
modular weight —1, since in this case 

wo = r^-^^r^u)^^) 1 -. (5.64) 



143 Remember, that we have changed the notation from U' to U. 
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In [|303|1 the square root of the denominator of the expression ( [5.63D was used as an ansatz for 
the /i term. However, here we can see that the term which could produce the same numerator 
dependence arise with the wrong modular weight, in its denumerator. Our results saw that the 
ansatz used in ||303|| does not arise, from the calculation of the topological free energy of (2, 2) 
compactifications, up to O(AB) terms. 

Our previous work on candidate non-perturbative superpotentials can be further generalized 
to other classes of non-decomposable Coxeter orbifolds. For instance, in the case of the 
orbifold with Coxeter twist defined on the lattice SU(4:) 2 and exhibiting T°(2)t x IV modular 
symmetry group, the non-perturbative superpotential is 

Wnon- P ert= (^~ 2 (^r/- 2 (f/) ( 1 - Ai?(9 T log ^ 2 (|) ) log r/ 2 (f/) ) ). (5.65) 

The corresponding fx term is 

A = e G / 2 l V - 2 (^) V - 2 (U)d T logi^Wu log r?(U)). (5.66) 

The complete list of non-perturbative superpotentials for non-decomposable orbifolds will appear 
in a preprint version of the Thesis results, related to generalized solutions of the /i problem. 

In recent popular phenomenological studies [|324|1 of soft breaking terms in string theories^ 



study of soft supersymmetry breaking terms in the case of of ii term from Kahler mixing reveals 
that the effective parameter space of the theory is non-universal in the general case, while use 
of tree level physical quantities in dilaton dominated scenaria constraints effectively the 
parameter space in terms of two independent parameters. The presence of Kahler mixing is 
nesessary, if we want to avoid the appearance of a large //-term which makes the Higgs heavy. 

The form of the 11 term that we have proposed can be used to test observable CP violation 
effects in on-decomposable orbifold compactifications of the heterotic string in the spirit suggested 
304], |303|| . We should notice that we have calculated the non-perturbative superpotential with 



m 



the correct properties in the one loop corrected effective action in the linear representation of 
the dilaton for exactly the orbifold Z 6 — lib used there. 



144 With effective iow energy theory spectrum that gives rise to the particle spectrum of the minimal supersym- 
metric standard model. 
145 This scenario guarantee the smallness of flavour-changing neutral currents. 
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In conclusion, in ths chapter we have examined ansatz superpotentials invariant under a 
strong-weak coupling duality based on subroups of the modular group PSL(2, Z). The values of 
the dilaton coming from minimization, appears to have the same problem with superpotentials 
invariant under SL(2, Z) s appeared before in the literature [[264| , |265| , |266| , |284j| . The exact deter- 
mination of the vacuum expectation value for the dilaton remains an unsolved problem. Its final 
solution may come when we will be able to perform the sum over all possible non-perturbative 
effects. In addition, we examined contributions to the /x terms in (2, 2) orbifold compactifica- 
tions coming form the presence of non-perturbative contributions to the superpotential of N = 1 
non-decomposable orbifolds. 
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6. Conclusions and Future Directions 

In string theory, the threshold corrections are always dependent on some untwisted moduli 
of vector multiplets, which have the interpretation as parametrizing the size and shape of the 
underlying torus. This dependence comes from the integration of the heavy modes involved 
in the compactification process. In this Thesis, we calculated this dependence in a number of 
quantities of physical interest. 

In chapter three, we used modular orbits in target space free energies, in N = 1 (2, 2) symmet- 
ric non-decomposable orbifold compactifications |8(J |66|of the heterotic string, to calculate 
the moduli dependence in non-perturbative superpotentials in (2, 2) symmetric orbifolds, thresh- 
old corrections to gauge couplings in (2, 2) symmetric orbifolds and threshold corrections to 
gravitational couplings in (0, 2) N = 1 orbifolds. We discuss the regions of moduli space, where 
additional massives stated become massless, signaling gauge symmetry enhancement. The same 



method, using modular orbits, has been appeared before in ||120|| in a different content, where 
the calculation involved decomposition of the internal lattice in the form T 4 © T 2 . In addition, 
we calculated the moduli dependence of threshold corrections in a class of generalized Coxeter 
(2,2) symmetric N = lorbifolds. Similar calculations have been appeared before in p3. Our 



calculation completes the calculation of threshold corrections in non-decomposable orbifolds, 



from the classification list of (2,2) symmetric N = 1 orbifolds in J66j. The NPS's calculated are 
of major importance in the phenomenology of superstring derived models. They may be used, 
for future research, in supersymmetry breaking to determine the values of the moduli involved. 
Note, that determining the exact values of the moduli is of particular importance since it elim- 
inates the moduli dependence in threshold corrections to gauge couplings. Once this has been 
done, renormalization group equations can be used to determine whether or not the undelying 
string model has any relation with the real world at energies of the order of the electroweak scale. 
Furthermore, the identical invariance properties of the superpotential with the invariances of the 
one-loop corrected effective action ( ||236| ) in the linear formulation, indicates that the topological 



nature of the superpotential is well inside the perturbative regime of the low energy supergrav- 
ity In addition, it appeals very interesting to apply the methodology of chapter three, to the 



calculation of the NPS in specific models, with dual pairs, coming from heterotic strings [|14§ 



compactified on K 3 x T 2 . Furthermore, it appears to us quite interesting to calculate NPS's 
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using the method suggested m |305|l . NPS's were calculated ||305| using M-theory compactified on 
Calabi-Yau four-folds, which gives N = 1 supersymmetry in four dimensions. Using F-theory 
(in twelve dimensions) 

In chapter four, we have discussed the one loop correction to the one loop prepotential of 
the vector multiplets for N = 2 heterotic strings compactified on six dimensional orbifolds. The 
importance of our result comes from the fact, that in N = 2 supergravity theories the Wilsonian 
gauge couplings and the Kahler potential are determined from the holomorphic prepotential. We 
have established a general procedure for calculating the one loop corrections to the prepotential of 
the vector multiplets for iV = 2 heterotic strings compactified on six dimensional orbifolds and/or 
for any compactification of the heterotic string on the K 3 x T 2 . The difference now is that the 
index in the Ramond sector, of the internal system with (0, 4) superconformal symmetry, counts 
the embedding of the instantons on the gauge bundle [fl30| , |200|| of K 3 . Our solution provides 
for an alternative solution to the one appearing in | 130|| where the one loop prepotential was 
calculated indirectly, with an ansatz, from its relation with the Green-Schwarz term. It should 
be noticed that the interesting relation between K% x T2 heterotic string and the dual type //, 



can be explored further. The most important result to our opinion at this chapter, equation [4.86 



can be applied to various dual pairs ||148] , [210|| and at present an ongoing investigation is well 
under way. 



In 1 173 1 only the differential equation for the third derivative of the prepotential with respect 
to the T moduli was given. The result for the U moduli was derived by use of the mirror 
symmetry, in the solution of the equation for the third derivative, T <-> U . In chapter four we 
have provided an alternative differential equation, from ||173|| for calculating the third derivative 
of the prepotential with respect to the U moduli. ACertainly, it will give the same result. Its 
integral representation and the analysis of its properties will be given elsewhere. 

In addition, in chapter four, we calculated the heterotic prepotential of the N = 2 heterotic 
string compactified on in the (2,2) symmetric [|66| , |59| non-decomposable orbifold Z 6 with torus 
lattice SU(3) x 50(8). This model has the modular symmetry T°(3)t x r°(3). Let me call it 
A model. The calculation was based on the modular symmetries and the singularity structure 
of the prepotential following ||172|| . Alternatively, even though there is no heterotic in K3 x T 2 
model, known, exhibiting the same modular symmetry, it is not out of the question that it 



-159- 



will not be found. Various modular symmetry groups have appeared |184fl in the literature with 
their Seiberg-Witten theory known, but with their heterotic string limit unknown. For example 
take Seiberg-Witten theory. For pure SU(2) theory with the number of hypermultiplets equal to 
Nf = 0, the quantum duality group fll42| , |196|| leaving the dyon spectrum invariant is r°(2). In the 
case that the theory has Nf = 1 hypermultiplets the quantum symmetry group is r o (2). However, 
there is no corresponding string theory model known where these group appear. However, the 
Hauptmodul for r°(2) and r o (2) was presented]™! in chapter three of the Thesis. In our case the 
situation, is exactly the opposite with the Seiberg theory model. We know the modular group of 
the N = 2 sector of Z e or the K 3 x T 2 heterotic model, to which the duality group corresponds, 
but we don't know the the Seiberg-Witten theory (SWT) with the same quantum symmmetry 
group. However, it would be interesting to understand the way that the K3 x T 2 models could 
be classified, so that the exact string theory analog could possible found. 



Summarizing, in view of the result of the ||189|| , and assuming that a Calabi-Yau dual model 
exists, calculating the perturbative one loop prepotential at its weakly phase is equivalent to the 
existence of a IIA dual on its large radius limit, or the large complex structure limit for IIB, 
defined on a bundle with base P l and generic fibre the K3 surface. In general terms, there is not 
concrete evidence that the duality between the heterotic string and the type II holds everywhere 
in the moduli space or in specific regions for a number of models. On N = 2 heterotic strings 
the gauge group can certainly be non-abelian and is bounded by its central charge to be less 
than twenty four, where the contribution of twenty two units comes from its internal left moving 
sector. The two units left come from the superpartner of the dilaton and the graviphoton. On 
the type II side the gauge group is abelian, and non-abelian gauge symmetry enhancement can 
happen at specific points in the moduli space. There is no bound on the gauge group due to the 
central charge. The last property makes it difficult to imagine a way such that the maximum 
admisible rank on type II models match the dual heterotic ones. 

In chapter five, we began by examining the way that the modular functions of chapter three 
can help us to the building of a theoretical model which incorporates S-duality in its structure. 
The model had to obey a number of constraints, involving the correct modular transformations 
and the correct weak coupling limit. In fact, this model is supposed to be S-duality invariant, 
146 We have calculated the heterotic string one loop correction to the prepotential of vector multiplets corre- 
sponding to SWT Nf = 0,1. The results will appear elsewhere. 
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for example, under the T (2)s congruence subroup of the modular group. This group, appear in 
Seiberg-Witten theory JTj^ ] for pure SU(2) Yang-Mills with Nf equal to zero . Our purpose in 
the first part of chapter five was only zto determine whether or not is it possible for the dilaton 
to break supersymmetry, or even fix its value, but it was concetrated as well on the number 
of consistency requirements required to build the particular superpotential. Furthermore, we 
saw how the modular functions presented in chapter three can be used to construct superpo- 
tentials able to possible make a prediction for the value of the dilaton. Note, that predicting 
the dilaton value is of particular phenomenological importance since its value determines the 
value of the string unification scale. Because, experimental data predict that the values of the 
gauge couplings in the standard model seem to be unified at an energy M gut = 10 16 GeV, and 
otgut = 9 2 gutl^' n ~ 1/26 is an open question or not whether a realistic superstring model can be 
build which simultaneously can break local supersymmetry and fix the value of the dilaton S at 
the value predicted by the LEP data, namely ReS ~ 2. 

In addition, we examined how the calculation of the topological free energy in chapter three 
can affect calculations involving fi terms coming from contributions of the higher weight F-terms 



in the effective theory of orbifold compactifications[|80|]. We provide two different examples of 
calculating the /i terms. However, very easily the number of examples may be increased to cover 
the whole list of classification of N — 1 Coxeter twists in symmetric orbifold compactifications. 
Remember, that N = 1 orbifolds are the more phenomenologically interesting since give chiral 
models in four dimensions. In addition, another way of exploring the consequences of the \i 



term contributions may be in determining the effects on CP violation [303, 304 in specific models 
coming from non-decomposable orbifolds. In particular, the Z§ — IIB orbifold which has been 
discussed already in the literature [[30311 . 
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Appendix A 

The homogeneous modular group T' = SL(2, Z) is defined as the group of two by two matrices 
whose entries are all integers and the determinant is one. It is called the "full modular group and 
we symbolize it by T'. If the above action is accompanied with the quotient T = PSL(2, Z) = 
r'/{±l} then this is called the 'inhomogeneous modular group' and we symbolize it by T. The 
fundamental domain of T is defined | |14(J|| as the set of points which are related through linear 



transformations r — > 9 ^^. If we denote r = Ti + ir 2 then the fundamental domain of T is defined 
through the relation T = {t G C\t 2 > 0, |ri| < |, |r| > 1}. One of the congruence subgroup of 
the modular group T is the group T (n). 

The group T (n) can be represented by the following set of matrices acting on r as r — > ^q^: 

/ 



r (n) = { 



a b 
c d 



ad — bc = l, (c = 0modn)} (6.1) 



However, we are interested on the group r (2). It is generated by the elements T and ST 2 S 
of T. It's fundamental domain is different from the group T and is represented from the coset 
decomposition T = {1,S, ST}^. In addition the group has cusps at the set of points {oo, 0}. 

We will give now some details about the integration of the integral that we used so far. 
The integration of eqn. (|3.6j ) is over a r (2) subgroup of the modular group Y since ( |3.6D is 



invariant under a T (2) transformation r — > ^rr^ (with ad — be — 1, c = mod 2), Under a Tq(2) 



transformation (|3.6|) remains invariant if at the same time we redefine our integers ni,ri2,h and 
li in the following way: 



/ 




ni n 2 



(6.2) 



Clearly, c = mod 2. The integral can be calculated based on the method of decomposition into 
modular orbits. 

There are three sets of inequivalent orbits under the To (2) 

1. The degenerate orbit of zero matrices, where after integration over T = {1, S, ST} J 7 gives 
total contribution Jq = ttT 2 /4:. 
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2. The orbit of matrices with non-zero determinants. The following representatives give a 
contribution to the integral: 



k j 
p 





0<j<k, p^O 



3. The orbits of matrices with zero determinant 





j P 



3 V 




, j, p ez , 0»^(o,o) 



The total contribution from the modular orbits gives, 



(6.3) 



(6.4) 



I 3 = -m In rj(U) - In Qu^j + (j E - 1 - In 

~x 4Reln V (U) - ± x In (T 2 U 2 ) + l - x ( lE - 1 - In ^j=) 

The first matrix in eqn.Al has to be integrated over the half-band {r 6 C t 2 > , l r i| < ^} 



as explained in ref. In contrast the second matrix has to be integrated over a half-band 

with the double width in t\. 
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